
Fixation ould simplify, not ompliate, theinterpretation of retinal owAndrew Glennerster� Miles E. Hansardy Andrew W. FitzgibbonzOtober 31, 2000

Running title: Fixation ould simplify retinal ow

�University Laboratory of Physiology, Parks Road, Oxford, OX1 3PTyDepartment of Computer Siene, University College London, Gower St, WC1E 6BTzDepartment of Engineering Siene, University of Oxford, OX1 3PJ1



2AbstratThe visual system must generate a referene frame to relate retinal images in spite ofhead and eye movements. We show how a referene frame for storing the visual diretionand depth of points an be omposed from the angles and hanges in angles betweenpairs and triples of points. The representation has no unique origin in 3-D spae nor aunique set of ardinal diretions (basis vetors). We show how this relative representationould be built up over a series of �xations and for di�erent diretions of translation of theobserver. Maintaining gaze on a point as the observer translates helps in building up thisrepresentation.In our model, retinal ow is divided into hanges in eentriity and hanges in merid-ional angle. The latter, alled `polar angle disparities' for binoular viewing (Weinshall,1990), an be used to reover the relief struture of the sene in a series of stages up tofull Eulidean struture. We show how the diretion of heading an be reovered by asimilar series of stages.



31 IntrodutionRetinal ow must be used to ompute both the sene struture and the observer's motionin some o-ordinate frame. It is often assumed that this o-ordinate frame must be 3-dimensional, but it does not have to be. The primary objetives of this paper are (i) todesribe a referene frame for visual diretion and depth that an be updated without theneessity for expliit 3-D o-ordinate transformations when the observer moves their heador eyes and (ii) to show how the information required to do this an be obtained verysimply from retinal ow, provided that the observer maintains �xation as they move.Most algorithms for interpreting retinal ow assume that it is useful to ompute asingle 3-D frame in whih to desribe the rotation and translation of the eye and thelayout of points in the sene. If this is the goal, then it is ertainly logial to ompute therotational and translational omponents of retinal ow (Longuet-Higgins and Prazdny,1980; Regan and Beverley, 1982). A rotational omponent of ow is generated when anobserver moves through a stati sene �xating a near objet: as the observer translatesthe eye must ounter-rotate to maintain gaze on the objet. There is a broad onsensusthat, somewhere in the visual system, retinal ow must be deomposed into its onstituentparts, the rotational and translational ow �elds, in order to reover (i) the diretion oftranslation and (ii) the 3-D struture of the sene (Longuet-Higgins and Prazdny, 1980;Regan and Beverley, 1982; Warren et al., 1988; Warren and Hannon, 1990). Longuet-Higgins and Prazdny (1980) were the �rst to show how this ould be done without priorknowledge of the eye's motion. A detailed analysis of several omputer vision approahesto this problem is given in Barron et al. (1994). Several biologially motivated modelshave also been proposed (e.g. Koenderink and van Doorn, 1987; Heeger and Jepson, 1992;Lappe and Rausheker, 1993, 1994; Beintema and van den Berg, 1998).Despite the onsensus that the visual system performs a deomposition of retinal ow,there is no ompelling evidene that it does so (see setion 6). Nor is it lear that omput-ing translational ow is neessary or even very useful. The entral problem onerns thereferene frame in whih information might be stored after translational ow is extrated.One suggestion is that information is used to ompute the 3-D struture of the sene,�rst in a head-entred, then a body-entred and �nally a world-entred o-ordinate frame(Andersen et al., 1997; Stone and Perrone, 1997; Colby, 1998; van den Berg, 1999; Lappeet al., 1999). This long hain of o-ordinate transformations is avoided in omputer vision,where the amera motion and sene struture is omputed in a world-based (albeit arbi-trary) o-ordinate frame in a single step, without any intervening `egoentri' refereneframes. Not only are the putative biologial proesses more tortuous, there are also nolear proposed mehanisms for arrying them out. Some models arry out 2-D transfor-mations, onverting retinal signals to a `head-entred' frame (Zipser and Andersen, 1988)and there is some evidene that transformations of this type are arried out in parietalortex (Duhamel et al., 1997). Finding evidene of true 3-dimensional transformations, ofthe type that would be required when an observer translates, is a muh greater hallengethat has not yet been met.Briey, the representation is built up from the relative visual diretions (RVDs) ofpoints { i.e. the angle subtended at the opti entre between pairs and triples of points (see�gure 3). These provide a referene frame for visual diretion (setion 3), while hangesin RVD provide information about the relative depth of objets. RVDs and hanges inRVD with respet to the �xation point an be measured very straightforwardly (setion



45). Aording to the hypothesis we present, the at of maintaining gaze as the observermoves is positively bene�ial rather than being a ompliating fator in the interpretationof retinal ow.Several omponents of this representation have been desribed before. For example,(i) the treatment of retinal ow in terms of polar omponents (hanges in eentriity,�, and meridional angle, �) has been desribed in detail for binoular vision (Weinshall,1990; Liu et al., 1994; G�arding et al., 1995); (ii) �xation has been shown to onstrainthe estimation of 3-D amera motion (Aloimonos et al., 1987; Bandopadhay and Ballard,1990; Sandini and Tistarelli, 1990; Daniilidis, 1997) and physiologial models of headingestimation (Perrone and Stone, 1994); (iii) a 2-D representation of visual diretion plusparallax has been desribed (Irani and Anandan, 1998); (iv) a referene frame for 2-Dloation built up from relative positions has been desribed by Watt (1987) and similarideas have been suggested to aount for saade-related ativity in frontal eye �elds (e.g.Goldberg and Brue, 1990).The novel aspets of the model we propose are primarily (i) the link between �x-ation (the maintenane of gaze during observer translation) and the generation of therepresentation and (ii) the use of relative visual diretions (RVDs) and hanges in RVDs,whih avoids any absolute o-ordinate frame. In addition, we suggest some simple rulesfor reovering information about the diretion of translation (setion 5.2) and for storinginformation gathered during di�erent diretions of translation (setion 4).We begin, in setion 2, by summarising some of the previous approahes that haveapitalized on gaze stabilisation as a way of simplifying the interpretation of retinal (orimage) ow.In setion 3, we desribe a referene frame for visual diretion built up from the relativevisual diretions (RVDs) of pairs and triples of points. We show, in setion 4, how therepresentation an be extended to inlude information about the parallax of points asthe opti entre of the eye translates (inluding the ase of a moving binoular observer).We desribe how the representation is egoentri and yet, at the same time, has someproperties of a world-entred (alloentri) frame.Setion 5, relates hanges in RVD to the polar omponents of retinal ow and summa-rizes previous methods for reovering relief struture (relative depths) using these ompo-nents (Weinshall, 1990; Liu et al., 1994; G�arding et al., 1995). The methods range froma very simple heuristi for determining whether a point is in front or behind the �xationpoint up to an algorithm for reovering full, metri 3-D struture. In setion 5.2, wedesribe how a similar hierarhial strategy an reover diretion of heading using polaromponents of ow. Here, hierarhial means that later stages use the solutions of earlier,more approximate stages.Finally, in setions 6 and 7, we disuss some of the neurophysiologial and psyhophys-ial evidene that relates to our proposed representation and set out experimental predi-tions that ould test the theory.The interpretation of retinal ow is intimately linked with issues of storage and rep-resentation. Any suessful model must explain how, and in what o-ordinate frame, thevisual system ombines information from retinal ow generated over several saades andseveral translations. One oherent strategy is to ontinuously update a world-based, 3-Dmodel. The sheme outlined in this paper o�ers a more biologially plausible alternative.



52 Previous approahes using gaze stabilisationSome omputer vision models have taken advantage of a �xating amera in interpretingretinal ow, but used a di�erent approah from the one we desribe. For example, Sandiniand Tistarelli (1990) have used non-visual measures of the amera pose to ompute therotational and translational ow. They note that the same ego-motion parameters areuseful in omputing both ow omponents, beause the two are linked for a �xatingamera system. Murray et al. (1997) also use extrinsi signals about the pose of a �xatingamera, in their ase to ontrol the motion of a robot in relation to a �xated objet.In Daniilidis (1997), the problem of egomotion omputation from visual signals alonewas addressed, and the simpli�ation of the omputation was expliitly derived. In theirmodel, a dense ow �eld is used to ompute diretion of heading and instantaneousrotation. The approah however, is rooted in a 3D interpretation, and is spei�allyrelated to instantaneous egomotion.A neurophysiologially inspired model for determining heading diretion depends ongaze stabilisation (Perrone and Stone, 1994). In the model there is a separate `template'or neuron for every possible diretion of translation (with respet to the fovea) and every�xation distane (see setion 6.2). Although this may seem like a large number of possibleombinations, it is very muh smaller than the total number of templates that would berequired if the gaze were not stabilised during translation. Setion 6.2 disusses someof the di�erenes between this model and the strategies for estimating heading that wesuggest.The model we desribe has features in ommon with several of these approahes. Theprinipal di�erene onerns the referene frame for relating information gathered duringsuessive �xations.3 A referene frameThis setion desribes a referene frame for visual diretion that is built up using only therelative visual diretions of points (i.e. the angles between pairs and triples of points).These angles do not depend on the rotation state of the eye. The next setion shows howhanges in RVD, whih are produed by translation of the eye, are inorporated in therepresentation.Figure 1 shows an idealised eye - a sphere in whih the opti and rotation entresoinide - that is `looking' in di�erent diretions. The red and blue ars show great irlesjoining the images of points in the visual �eld. The fovea would move along these arsduring a saade from one point to another. The ars orrespond to the planes shown in�gure 3.The sphere on the right illustrates a onvenient and ompat representation for storingvisual information if the eye was only free to rotate about its entre and not translate inspae. It is essentially a desription of the visual diretion of points in the opti array(Gibson, 1979) (i.e. the set of light rays arriving at a point in spae, in this ase the optientre of the eye). The representation is very similar to the retinal image exept that(a) the view is fully panorami (all visual diretions are represented, inluding behindthe head) and, (b) unlike the eye, there is no single o-ordinate system to desribe thevisual diretion of points. Instead, only the relative visual diretions (RVDs) of points



6are stored. These are the angles between pairs of rays (i.e. the lengths of ars on thesphere) and between triples of rays (i.e. the angle between two ars joining at a pointon the sphere). These angles an be measured very simply on the retina using a polaro-ordinate frame (see setion 5, �gure 3). However, the representation as a whole is bestdesribed as `piee-wise polar' or `piee-wise retinotopi'.Figure 1: about hereAs a simple demonstration of the suÆieny of this method for enoding visual dire-tion, we have plaed in a ommon referene frame a set of images taken with a amerathat was free only to rotate about its opti entre. The methods by whih this was doneare desribed in the Appendix. The resulting representation of relative visual diretion isshown in �gure 1b. Points V and A are in fat the same visual feature imaged in bothframe 1 and frame 22. Cumulative errors aount for the fat that the omputed visualdiretions of V and A do not o-inide exatly.One purpose of demonstrating this representation using real images is to provide anexample of what `points' might mean when applied to a natural sene. Here we have usedMIRAGE entroids (Watt, 1987), whih are organised in a hierarhial way so that whenthe sene is analysed at a �ner spatial sale eah �ne sale `blob' lies within the boundariesof a oarse sale `blob'. This means that the relative position of �ne sale blobs need onlybe related to the loation of the `parent' oarse sale blob. (We have not shown these in�gure 1.) Without some hierarhial enoding of relative position of this type, it wouldbe problemati to reord the relative visual diretions of features aross the entire optiarray and at multiple spatial sales. Surveyors use a multi-sale, hierarhial system oftriangulation to map an area. There is some evidene that when viewing a novel sene,human eye movements follow a similar pattern, initially �xating the `entre of gravity' ofa target stimulus on�guration and only subsequently the �ner detail (e.g. Findlay andGilhrist, 1997).The information in a representation like that shown in Figure 1 is suÆient to programa rotation of the eye or amera from one objet to another, inluding to one urrentlyout of view. For eah �xation point A to V , we store the relative visual diretion ofneighbouring points, inluding the previous and following �xation point. This means thatit is possible to alulate, when required, the appropriate angle and axis to rotate theeye from the urrent �xation point to any other point in the representation. It is notneessary to reord either of these in an external o-ordinate frame.As a result, the representation remains una�eted by rotations of the eye sine itreords only relative visual diretions. Instead, a `pointer' indiating the urrent �xationdiretion (and the relative torsion of the eye) hanges as the observer makes saades. Thisis a ommon idea in models of a `stable feature frame' (Bridgeman et al., 1994; Feldman,1985). There is some experimental support for this type of representation (Henriqueset al., 1998), as disussed in setion 6.3.



74 Adding depth to the representation of visual dire-tionA representation of RVD like that shown in �gure 1 an be extended to inlude informationabout the distane of points as well as their visual diretion, and hene form the basis ofan `egoentri' representation. Figure 2: about hereWhen the opti entre translates, the RVDs of points hange unless the points arein�nitely distant. Figure 2a shows how the RVDs in �gure 1 hange for a single translationof the opti entre (whih ould inlude a binoular pair of views). The dotted lines (anddotted white diss) show how some of the visual diretions have hanged. The white dissin �gure 2a indiate the projetion of two points that are lose to the opti entre, theblak diss orrespond to points that are ten times more distant. The RVDs of the blakdiss hardly hange, while the visual diretions of the near points do hange, relative tothe distant points, as a result of the translation.In this example, we have shown the RVD hanges aross the whole sphere (opti array)as a result of a single translation. In setion 5 we will desribe a simple way of measuringRVD hanges between the �xation point and other points. To reover information aboutall the RVD hanges shown in �gure 2a using that method, the observer would haveto �xate many di�erent points in suession while making the same translation as, forexample, when a stati binoular observer �xates di�erent objets in a sene.The next setion onsiders how information ould be stored in the representation whenthe observer translates in many di�erent diretions (�gure 2b).4.1 Properties that persist over many translationsSome properties of images remain invariant when an observer translates through a statisene. Examples are the `ross ratio' of image lengths that are harateristi of points ona line in spae (e.g. Cutting, 1986; Cutting et al., 1992) and aÆne properties of planarsurfaes (e.g. Koenderink and van Doorn, 1987). Several of these apply only to smallregions of an image, for example when epipolar lines an be approximated as parallel orthe surfae an be approximated as a plane. By ontrast, the property desribed in thissetion applies only for points separated by a large visual angle.Figure 2b shows how the RVDs of points hange when the eye translates in manydi�erent diretions. In this example, the translations are all of unit magnitude. Theolour ode (and thikness of the lines) indiates the mean hange in the angle betweenpairs of points subtended at the opti entre over 100 translations in di�erent diretions.The hange is expressed as a proportion, ��=�, where � is the initial angle between thetwo points. This is a measure of the extent to whih the RVD of points hanges withtranslation of the opti entre. The olour ode alone is suÆient to distinguish the twonear points (whose diretions are shown by white diss, as in �gure 2a) from the distantones (blak diss). The RVDs of distant points vary very little as the observer translates,as shown by the dark lines joining every pair of blak diss (orresponding to distant



8points) in �gures 2a and b. This is always true for very distant objets like the stars butit also holds in other situations, suh as within a room, when the translation is relativelysmall.Here is an example of omputing one quantity for eah pair of points that is useful indistinguishing near from distant points. Figure 2 illustrates how this value, ��=�, whihmight be loosely be desribed as the `elastiity' between two points in the representation,is a�eted by two fators, (i) the distane to the �xation point (D) and (ii) the di�erenein distane (measured along eah ray) between the �xation point and a seond point, P .The initial angle between the two rays, �, is 45Æ. The translations, as in �gure 2b, areof unit magnitude. The plot shows that, on average, the di�erene in depth between thetwo points has relatively little e�et ompared to the distane of the �xation point fromthe observer. This is in marked ontrast to the situation that would apply for a smallvisual angle, e.g. 1Æ. Then, the values of ��=� would dip down lose to zero when thedepth di�erene between F and P was small. In other words, the bas relief ambiguitywould apply - small values of ��=� ould be due either to a large viewing distane ora small depth di�erene. For large visual angles, on the other hand, when the optientre translates in many random diretions, viewing distane has a muh greater e�etthan depth di�erene on ��=�, the `elastiity' of (F;O; P ). This means that a lak of`elastiity' between points identi�es them unambiguously as distant. Suh points ananhor the referene frame, as explained in the next setion.4.2 Ego- and allo-entri frames unitedThis setion explains how the RVD representation has some of the properties of an allo-entri referene frame despite being an ego-entri representation. The link is the set ofdistant points.The visual diretions of points in �gure 2b are all separated by large visual angles.As a result, as disussed above, the lak of `elastiity' (��=�) between any pair of pointsidenti�es them both as distant. The distant points form a relatively rigid web as theobserver translates in di�erent diretions (ompletely rigid if the points are in�nitelydistant, like the stars). Near points move against the bakground of distant points. Thesituation is not symmetrial: the set of near points hange their RVD not only withrespet to the distant points but also with respet to eah other. The two white disksin �gure 2b illustrate this well: despite both being at the same distane from the optientre, the `elastiity' between them is relatively large. Aross the entire sphere, the webof RVDs relating distant points is stable for translations in di�erent diretions. No similarweb of near points has the same property.The distant points therefore anhor the representation in a world-based frame. Al-though the representation remains ego-entri, beause it is based on relative visual di-retions the representation of distant points, whih remain invariant to rotations andtranslations of the eye, an perform many of the funtions usually assoiated with aworld-based or alloentri representation.It is important to be lear how this apparent sleight of hand is ahieved. Normally,ego- and allo-entri representations are desribed as expliit, 3-D representations with ade�ned origin and three ardinal diretions or basis vetors. It has been proposed that thevisual system omputes many suh representations with origins at, for example, the eye,the ylopean point (midway between the eyes), the trunk and the hand (e.g. Andersen



9et al., 1997; Colby, 1998). By ontrast, a representation of RVD does not de�ne the 3-Dloation of the opti entre. For example, the most distant points (in the limit, stars)provide the least information about the loation of the opti entre in spae and yet thesepoints provide the world-based `bakbone' or referene frame on whih the representationis based. The same priniple is used in `planes-plus-parallax' models that have reentlybeen developed in omputer vision (Irani and Anandan, 1998).Note that the information reorded in �gure 2b ould be measured over many �xations(reording the polar angle hanges only with respet to eah �xation point) and over manydi�erent diretions of translation. So, unlike the example of �gure 2a, this informationould be reorded by a binoular observer who was free to rotate their head and to �xateon di�erent points, where ��=� is, in this ase, the binoular relative disparity (measuredas an inter-oular di�erene in eentriities) for di�erent head and eye positions. Theexample of using disparity is more straightforward than the monoular ase beause themagnitude of the translation (the inter-oular separation) is always onstant, whereasmotion signals would need to be normalised by an estimate of translation magnitude tobe used in the same way. However, even this limited situation poses severe diÆulties forany representation that is truly 3-dimensional. The hoie of origin and ardinal diretions(e.g whether these are head or world-based) ritially a�ets the type of omputationsthat are proposed. Whihever hoie is made, relating rapidly hanging visual informationto a single, 3-D o-ordinate frame is a diÆult omputational problem.In the RVD representation we desribe here, we have avoided both the problem ofhoosing a unique 3-D origin and of de�ning a unique set of ardinal diretions (basisvetors). In one sense the �xated objet is an origin: its diretion orresponds to theorigin of the urrent polar o-ordinate frame for de�ning diretion and, when the relief ofpoints is omputed as desribed in setion 5.1, it is at the origin of a 3-D frame. However,it is not a unique origin of the representation as a whole, beause it is not maintainedaross time. This is similar to the use of image-based oordinates in omputer vision.For example, Reid and Murray (1996) desribe an ative vision system whih representsits �xation point in relation to four (or more) traked features in eah image. Given thetraked features in three video-frames, and the oordinates of the �xation point in the�rst two, it is possible to predit the image-oordinates of the �xation-point in the thirdframe. Thus, they show how some 3-D tasks an be performed without an expliit orstable 3-D frame.The planes-plus-parallax model (Irani and Anandan, 1998) is similar in only one ofthese respets. Like the RVD representation we desribe, the planes-plus-parallax modelavoids de�ning a 3-D origin and instead reords the 2-D parallax of points against a planeof points. When this plane is the plane at in�nity, the model is very similar to usingthe set of distant points as a world-based referene frame in the way we have desribed.However, the planes-plus-parallax model desribes a plane using an absolute o-ordinateframe whose origin is in a �xed visual diretion. There is no equivalent absolute framein the RVD representation. In one sense, the urrent �xation point de�nes a primarydiretion, but there is no `speial' diretion for the representation as a whole.4.3 A primal sketh of the opti arrayIn summary, the representation of relative visual diretions (RVDs) that we have desribedis something like the `primal sketh' that Marr and Hildreth (1980) proposed exept that



10it is of the entire opti array, not just the urrent retinal image. We have suggested two`primitives' desribing the relationship between points. One desribes the relationshipbetween pairs of points. These orrespond to the ars on the spheres in �gures 1 and 2.The properties of this primitive are not just the angle separating the pair of points atthe opti entre (�) but also information about hanges in that angle (��). In di�erentirumstanes (e.g. when arrying out di�erent tasks) the information that is omputedand stored about a pair of points ould be alibrated to di�erent extents. For example,the property of `elastiity' desribed above, (��=� averaged over reent translations) is asimple, rude measure. On the other hand, it is possible to ompute the fully alibratedmetri depth separating the two points (see setion 5.1.3) and to store this value as aproperty of the primitive relating the two points. If this were done all the time for allpairs of points in the representation, it would be formally equivalent to the onstrutionof a 3-D model. We suggest that it is the exeption rather than the rule for motion anddisparity information to be alibrated to the extent of omputing full 3-D struture (seesetion 7.3), and information is not stored in the representation unless it is omputed.As a result, the `primal sketh' remains skethy, but has the potential to be made moredetailed if required.The seond primitive we propose desribes the relationship between triples of points(i.e. the angles between pairs of ars on the spheres in �gures 1 and 2). Again we suggestthat information about hanges in the angle is stored with greater or lesser degrees ofalibration. The use that that visual system might make of hanges in these angles isdisussed in setion 5.4.4 A referene frame for larger translationsThe representation as desribed so far deals only with small translations. When the ob-server makes large translations, the relative visual diretions of points hange signi�antlyand eventually points disappear from view altogether, suh as when the observer walksthrough a doorway. Here we onsider two ways in whih the referene frame ould beextended to be useful for ontrolling larger translations.One option is that the visual diretion and distane of all objets in the representa-tion is ontinually updated wherever the observer moves, even for those objets that areurrently out of view. This requires the distane of objets to be omputed aurately(see setion 5.1) in order to update their diretions as the observer translates. The repre-sentation is then equivalent to a full 3-D model, in whih the origin hanges as the optientre translates and the axes hange eah time the observer makes a saade. Althoughthis is theoretially possible, it would require as muh omputation as other types of 3-Drepresentation.An alternative is that very muh less is stored. Simple organisms, suh as ants, areknown to follow a set of `image-based rules' when navigating rather than omputing a 3-Dmap of their environment (e.g. Cartwright and Collett, 1983; Judd and Collett, 1998) andsimilar rules ould guide muh of the behaviour of more omplex animals inluding hu-mans. In order to navigate, observers must translate in relation to a �xated objet, �xatea new target, translate in relation to that, and so on. The rules for eah of these move-ments an be spei�ed in terms of the image hanges that are aused by the movement.For example, translation in relation to a �xated objet an be ontrolled by monitoringthe output of MSTd neurons of the type desribed by Perrone and Stone (1994), or using



11the rules we desribe (setion 5.2). Neither of these require the omputation of a 3-Dframe. Equally, errors in the movement an be deteted and orreted using retinotopisignals (e.g. Miall et al., 1993). Indeed, from the perspetive of error orretion, it is hardto see why visually-guided ations would bene�t from any o-ordinate transformation.The general idea of using the motor system to navigate aross a set of sensory statesrather than within a 3-D spatial referene frame has been desribed previously (Gibson,1950, 1979; Cutting, 1986) and Arbib (1999) has desribed a `world graph' model witha similar avour. Some robot navigation systems use a related approah M�uller et al.(2000).Large sale navigation is made up of a sequene of translations in relation to �xatedobjets and saades to new �xation targets. In this paper, we have disussed individualelements of the sequene. Linking the elements together into longer sequenes raises newissues whih are beyond the sope of this paper. Broadly, however, two things must bestored: (i) the rules for moving in relation to a given �xation point (overed in more detailin setion 5.2) and (ii) the rules for hoosing new �xation targets. At a given loation,the latter amounts to a store of RVDs as desribed in setion 3. This allows rotation toview objets inluding those that are urrently behind the observer. It is also neessary tostore the relationship between di�erent loations. These an be spei�ed in terms of theobjets that need to be approahed (or moved around) to arrive at a new loation, ratherthan using a 3-D frame. To do so requires the storage of sets of RVDs at loations otherthan the urrent loation. Beause RVDs hange quite slowly with observer translation,the loations at whih it would be neessary to store an entirely new set of RVDs mightbe quite sparsely distributed in spae. These ritial loations would be determined bothby the layout of an environment and oluding surfaes (as, for example, at a doorway)and also by the demands of the task.In the remaining part of the paper, we onsider in more detail the interpretation ofretinal ow when an observer translates and maintains gaze on a point.5 A polar desription of retinal owThis setion desribes how RVDs and hanges in RVDs an be measured on the retina ofa �xating, translating observer. It also reviews how these omponents of retinal ow anbe used to reover relief struture in a series of stages. We show how diretion of headingan be reovered in a similar hierarhial manner.Figure 3a shows the projetion of three points, F , P and Q onto the retina of anidealised eye - a sphere in whih the opti and rotation entres oinide. F is the �xationpoint and projets, through the opti entre O, to the fovea, F 0. P and Q projet toperipheral retinal loations, P 0 and Q0. These loations an be desribed in polar o-ordinates (�P ; �PQ): �P = 6 FP = 6 F0P0�PQ = 6 (FP;FQ) = 6 (F0P0;F0Q0)where F;P and Q are the vetors (O;F ); (O;P ) and (O;Q). The points F;O; P and Qform two planes meeting along the line (O;F ), where O is the opti entre. In general,



12points in the world and the points to whih they projet on the retina de�ne a penil ofplanes meeting along the ray (O;F ). This penil of planes has no partiular signi�anewhen onsidering general rotations and translations of the eye. However, when the ob-server translates and maintains gaze on F , the ray (O;F ) is speial (Weinshall, 1990; Liuet al., 1994; G�arding et al., 1995).Figure 3: about hereFigure 3b illustrates the onsequene of a translation of the opti entre from O1 toO2. To simplify the illustration, the translation O1 to O2 has been made in the plane(F;O1; Q). This plane, ontaining the two positions of the opti entre, O1 and O2, andthe �xation point, F , we shall all the base plane (Weinshall, 1990). In this illustration,there is no ylotorsion during the translation, i.e. rotation about the line of sight,(O1; F ). As a result, the new projetion of Q, Q02, lies in the plane (F 0; O1; Q01). Thus,the projetion of Q, and all other points in the base plane, hanges only in eentriityand not in meridional angle as the opti entre translates. In the Appendix, we desribeone method for reovering the intersetion of the base plane with the retina when thereis ylotorsion during translation.The projetion of P moves from P 01 to P 02. This hange in retinal loation an bedesribed by two polar omponents. First, P 0 hanges in eentriity, i.e. the angle6 F0P0, whih is equal to the angle 6 FP. This omponent is ��P .Seond, P 0 hanges its meridional angle, i.e. the angle � with respet to some refereneplane that ontains O, F 0 and one other retinal point. We refer to the angle between theplanes (F;O; P ) and (F;O;Q) as �PQ and the angle between the planes (F;O; P ) and thebase plane as �P . In �gure 3b, beause Q lies in the base plane, �PQ and �P are the same.As the opti entre translates, these angles hange by ��PQ and ��P . These values arenot a�eted by ylotorsion (rotation of the eye about (O;F )) sine they do not dependon the retinal o-ordinate frame.On the other hand, the hange in meridional angle of P 0 on the retina, ��P 0, doesdepend on whether ylotorsion ours during translation. Ferman et al. (1987), forexample, have measured yloversion (i.e. onjugate torsion of the eyes) during horizontalosillations of the head and found it to have a maximum amplitude of about � 1 degree.If ylotorsion during translation is small, the omponent of retinal motion ��P 0 at P 0 isa useful approximation to ��P . However, when there is signi�ant ylotorsion (suh aswhen the subjet rotates their head around the line of sight as they translate), the rotationof the eye around the line of sight, (O;F ) must be determined �rst (see Appendix) andsubtrated from ��P 0 in order to ompute ��P .In summary, the two orthogonal omponents of motion of P 0 on the retina, ��P 0and ��P 0, relate to the polar angles �P and �P in the following way. ��P 0 (hange ineentriity on the retina) is equal to ��P (i.e. hange in the angle 6 F0P0) providedthat the observer maintains �xation during translation. ��P 0 (hange in meridional angleon the retina) is equal to ��P provided that the observer maintains �xation and thatthere is no ylotorsion (rotation about (O;F )) with respet to the base plane during thetranslation.The rationale for this partiular deomposition of motion at P 0 is that it an berelated in a straightforward manner to the translation of the opti entre relative to F :



13translation along the line of sight, (O;F ), produes hanges in �P but not �P ; translationperpendiular to the line of sight, produes hanges in both �P and �P . This is why hangesin �P are a useful measure when the exat diretion of translation is unknown: they provideinformation about a omponent of motion in a known diretion, i.e. perpendiular to theline of sight.The following setions review methods of reovering relief struture (Weinshall, 1990;Liu et al., 1994; G�arding et al., 1995) and desribe a losely related method for reoveringdiretion of heading based on the polar deomposition of retinal ow.5.1 Relief Figure 4: about hereFigure 4 illustrates how hanges in �P provide information about the depth of P . Thesene layout shown in the three examples is very like that shown in �gure 3 exept thatthe distane to point P varies in eah example. The opti entre translates from O1 toO2 to O3 in the base plane. The ontour plot shows ��P for di�erent translations and fordi�erent distanes to the point P (distane (O2; P )). The absissa shows the magnitudeof translation in a diretion (O1; O2; O3). The units are multiples of the distane (O2; F ).Any omponent of translation along (O2; F ) produes only radial ow and so has no e�eton the magnitude of ��P .5.1.1 Points in the �xation planeIt is straightforward to identify points at the same depth as the �xation point. As has beenpointed out (Weinshall, 1990; Liu et al., 1994; G�arding et al., 1995), for small translationsthere is no hange in �P for points that lie in the `gaze-normal plane' i.e. in the planethrough F and perpendiular to the line of sight, (O2; F ) (Liu et al., 1994). This is shownby the dotted line on the graph in �gure 4. Note that this property (��P = 0) remainstrue for translations in any 3-D diretion.5.1.2 Points in front and behind �xationSimilarly, it is straightforward to identify points as in front of or behind the �xation point.For a given translation, the sign of �� hanges for points in front of and behind the gaze-normal plane (�gure 4). Sine the omponent of translation along the line of sight has noe�et on the sign of �, this method of piking out points that lie in front of or behind thegaze normal plane applies to a whole range of di�erent diretions of translation.The sign of �� also reverses when the diretion of translation hanges. So, in orderto use the sign of ��P to determine the relative depth of P , something must be knownabout the diretion of translation. In fat, the diretion of translation has to be knownonly within a 180 degree range (i.e. diretions in the base plane either side of the lineof sight (O2; F )). (This is unneessary in the binoular ase beause it is impossibleto �xate behind the head. Knowing whih is the left and whih the right eye's viewis suÆient.) What must be known about the translation is (i) the projetion of thebase plane (O1; O2; F ) onto the retina (see Appendix) and (ii) the diretion of translation



14within a range of 180Æ (either side of the line (O2; F ) or, on the retina, the fovea, F 0).On the ontour plot shown in �gure 4, this division orresponds to the division betweenpositive and negative translations.5.1.3 Relief struture and metri depthG�arding et al. (1995) have shown in addition that polar angle disparities (��P ) an givethe relief struture of a sene when they are saled by eentriity (�P ). This means thatthe ratio of depths of points with respet to to the gaze-normal plane is given but not theabsolute depths. Further saling by viewing distane gives full metri struture. In this�nal stage, the omputation is equivalent to reovery of 3-D struture from translationalow (although the o-ordinate frames may di�er). However, the bene�t of the polar anglemethod is that there are several intermediate stages, eah providing useful information.For many tasks it may be suÆient to stop at an earlier stage in the hierarhy in order toarry out the task. Many examples exist of evidene that the visual system adopts simplestrategies when full reonstrution is unneessary to arry out the task (Cutting, 1986;Cutting et al., 1992; Glennerster et al., 1996; Sun and Frost, 1998). The next setionidenti�es a similar hierarhy of strategies for the reovery of diretion of heading.5.2 Diretion of headingIn the previous setion, the reovery of depth information using ��P required some knowl-edge, albeit only in a limited form, about the translation of the opti entre. The logian be reversed. A limited knowledge of sene struture an be used to help reoverinformation about the diretion of translation. Again, this information an be reoveredhierarhially: the more spei� or omplex the algorithm, the greater the preision ofthe estimate.The ontour plot in �gure 4 illustrates the symmetry between sene struture anddiretion of translation. If the translation of the opti entre is known to be one side ofthe line of sight (e.g. have a positive value on the x-axis of the plot), then the sign of ��Pis suÆient to determine whether P is in front or behind the gaze-normal plane throughF . Conversely, if it is known that P is in front of the gaze-normal plane through F , thenthe sign of ��P is suÆient to determine whether the translation of the opti entre ispositive or negative on the x-axis of the plot (where zero is the diretion (O2; F )).The argument need not be entirely irular. The division of points into those in frontof and those behind the �xation point requires one translation about whih something isknown, after whih subsequent, unknown translations an be monitored using hanges in�. Two binoular views an provide the `known' translation { the inter-oular separation{ so that disparity distinguishes points in front and those behind the �xation plane.Roy and Wurtz (1990) have suggested that an operation very like this is arried outin the dorsal part of the medial superior temporal area (MSTd) of the maaque visualortex. The neurons they identi�ed were sensitive to both disparity and motion, and theirpreferred diretion of motion was reversed when the stimulus was presented with rossedor unrossed disparity (in front or behind the gaze-normal plane). As they point out,this pattern of sensitivity is appropriate for deteting translation orthogonal to the lineof sight. By onsidering hanges in �P , we an extend this idea to detet a omponent oftranslation orthogonal to the line of sight in the presene of an arbitrary and unknown



15omponent of translation along the line of sight.This is the simplest strategy in a possible hierarhy of algorithms for reovering infor-mation about the diretion of translation. A hierarhy of heuristis for reovering diretionof heading is desribed in the Appendix. It is shown how the following information anbe derived:1. Divide a set of translations into two groups, depending on their diretion withrespet to the line of sight (O;F ). For example, if the base plane is horizontal,ategorise the diretions of heading into those to the left and to the right of thefovea. For an arbitrary point, P , this requires the sign of ��P when the opti entretranslates and knowledge of whether P is in front of or behind F .2. Reover the magnitude of the omponent of translation perpendiular to the line ofsight up to some unknown sale fator, whih is onstant aross translations. Thisrequires, in addition, the magnitude of ��P under eah translation.3. Reover the magnitude of the omponent of translation along the line of sight upto some unknown sale fator, whih is onstant aross translations. This requires,in addition, the magnitude of �� for a point lying in a plane that passes throughOF and that is perpendiular to the base plane. For a horizontal translation, thismeans a point on the vertial meridian.4. Reover the diretion of heading. This requires that the ratio of the two unknownsale fators mentioned above be known. One way to reover this information is byobserving the motion of a point that lies in the gaze normal plane over at least twodi�erent translations.All these heuristis require the observer to maintain �xation as they translate.Cutting (Cutting, 1986; Cutting et al., 1992) desribes a strategy for reovering thediretion of heading that has some similar features. It uses the `di�erential motion paral-lax' between pairs of points, whih is independent of eye rotation. However, the strategyrequires a suession of saades in order to �xate on the diretion of heading.6 Neurophysiologial evideneIn this setion, we review some of the neurophysiologial data that has been used toargue that the visual system (i) deomposes retinal ow into rotational and translationalomponents and (ii) generates a general-purpose, 3-D, head-entred referene frame. Wedisuss some of the reasons that these may not be neessary onlusions from the datagathered so far. We also provide some examples of data that is better aounted for by aRVD model than one based on expliit three dimensional representation of sene layout.6.1 Deomposition of retinal ow into rotational and transla-tional omponentsIn neurophysiologial studies, the searh for an area that might arry out the deomposi-tion of retinal ow into rotational and translational omponents has foussed in partiular



16on area MSTd (Saito et al., 1986; Tanaka et al., 1986; Du�y and Wurtz, 1991, 1995; La-gae et al., 1994). Neurons in this area have large reeptive �elds and respond to omplexpatterns of motion. There is some evidene that the neurons respond preferentially topatterns of retinal ow that our during observer translation through a stati environ-ment (e.g. Du�y and Wurtz, 1991; Roy and Wurtz, 1990). A wide range of ombinationsof di�erent ow omponents have been used to try and lassify the responses of ells inthis area (e.g. Du�y and Wurtz, 1995).These experiments have not demonstrated that MSTd divides retinal ow into rota-tional and translational omponents. If ells were found to respond predominantly toeither the rotational or the translational omponent of a stimulus despite variations inthe other omponent, there would be good grounds for supposing the visual system treatsthe two independently, but this has not been shown (e.g. Krekelberg et al., 2000). Thefat that suh separability is not found does not rule out the possibility that rotationaland translational omponents are extrated at a subsequent stage from the population ofresponses (e.g. Lappe and Rausheker, 1993) but, equally, other models are not ruledout either.6.2 HeadingOne of the purposes of extrating translational ow is to reover the diretion of heading.We show that heading an be omputed from hanges in RVDs of points (setion 5.2).Here, we ompare that approah with neuronal models for reovering heading.Perrone and Stone (1994) desribe a model in whih individual detetors pool motionsfrom di�erent parts of the retina. Eah detetor is `tuned' to the motions that would begenerated by a partiular diretion of heading (in retinal o-ordinates) and a partiular�xation distane (or rotation rate). With these parameters �xed, the possible motions ateah retinal loation depend only on the depth of the objet that projets to that point.This means that, for a partiular detetor, the input motions at eah retinal loation forma one dimensional family, all of whih ontribute equally to the `template'. Beause themodel assumes, like ours, that gaze and torsional eye movements are onstrained duringtranslation, the number of possible templates is limited.The details of the model of Perrone and Stone (1994) di�er from ours in a numberof ways. First, we inorporate disparity. As others have pointed out, disparity providesone way to distinguish points that are nearer than �xation from those that are moredistant (e.g. Roy and Wurtz, 1990; van den Berg and Brenner, 1994; Lappe, 1996).This is important beause it an disambiguate similar ow patterns that arise from quitedi�erent head movements. A good example is an observer �xating a point with a plane ofdots behind it and the observer moving leftwards. This produes a very similar pattern ofretinal motion to that generated by a plane of dots in front of the �xation point and theobserver moving rightwards. Even when there is a omponent to the observer's translationalong the line of sight, the same arguments applies: there are two quite di�erent diretionsof heading that are hard to distinguish without knowledge of the sene depths. With theaddition of disparity information, however (e.g. Roy and Wurtz, 1990; van den Berg andBrenner, 1994; Lappe, 1996), this partiular ambiguity disappears.Many neurons in MSTd respond to binoular disparity, and some have been shown todo so in a way that would be helpful in disambiguating retinal ow patterns in a moving,�xating observer. Wurtz and olleagues (Roy and Wurtz, 1990; Roy et al., 1992) reported



17neurons with preferenes for opposite diretions of motion depending on the disparityof the stimulus. This parallels the strategy we desribe of dividing points into thosenearer and further than the �xation point before using the �� omponent of their motion(setion 5.2) to determine heading. Relatively few models of heading use disparity signals(although see van den Berg and Brenner (1994) and Lappe (1996)) but disparity ould beinorporated quite easily into most models, inluding Perrone and Stone (1994). There isalso psyhophysial evidene that the addition of disparity information improves headingjudgements (e.g. van den Berg and Brenner, 1994).The seond di�erene between the two approahes is that we desribe a series of stepsover whih the heading estimate is re�ned whereas Perrone and Stone (1994) propose asingle step. In terms of implementation, it is possible to imagine that the steps reet dif-ferent sensori-motor strategies rather than di�erent forms of oding in MST. For example,a strategy to orret deviations from a path towards the �xated objet might only requirea signal giving the sign of the deviation (e.g. `left' or `right') or a signal proportional tothe angular deviation from the path. These relatively rude signals ould be gatheredfrom a larger pool of `template' detetors than the preise, single template orrespondingto a single diretion of heading, provided that the system for pooling was appropriate.A third di�erene is that most models assume heading diretion is onverted from aretinotopi frame to a head-entred and �nally a world-entred frame (Royden et al., 1994;Stone and Perrone, 1997; van den Berg, 1999; Lappe et al., 1999). In the RVD model, onthe other hand, the link between retinotopi and `world-based' referene frames does notrequire an intermediate head-entred referene frame (setion 4.2).6.3 A head-entred referene frameMany di�erent ego-entred representations have been proposed (for reviews see Andersenet al. (1997); Colby (1998)). Here we onentrate on the evidene for a head entredrepresentation beause it is often assumed to be the �rst to be omputed from retinotopisignals (e.g. review by Lappe et al., 1999).Computationally, the reovery of translational ow is assumed be the �rst step. Itis important to realise that translational ow is reovered in a retinal o-ordinate frame,not a head-entred one. It has been proposed (Warren and Hannon, 1990; Lappe andRausheker, 1995; Bradley et al., 1996; Beintema and van den Berg, 1998; Stone andPerrone, 1997) that extra-retinal eye position signals are used to onvert the informationinto a head-entred frame, but as yet there are no detailed suggestions about how thismight be arried out physiologially.Reordings from the ventral intra-parietal area (VIP) have been used as evideneof a head-entred representation. For example, neurons in in this area respond to bothsomatosensory and visual inputs in related regions of spae with respet to the head (Colbyand Duhamel, 1991; Duhamel et al., 1998). Duhamel et al. (1997) have desribed neuronsin the same area that respond onsistently to one region of the visual �eld independentof the diretion of gaze of the animal (see also Galletti et al., 1993). The presumedfuntion of ells in area VIP is to help guide head movements, espeially reahing withthe mouth (Colby, 1998). However, this is quite di�erent from showing that retinal owis mapped onto a general, head-entred representation of spae. Instead, these neurons inVIP fall into a large lass of neurons whose reeptive �elds appear to reet the ationsthat are assoiated with that sensory input (Colby, 1998), inluding, for example, neurons



18in pre-motor ortex with `arm-entred' reeptive �elds (Caminiti et al., 1991; Grazianoet al., 1994)). The �nding of so-alled `ation-oriented' neurons is ompatible with manytypes of representation, inluding the relative representation we propose. More spei�evidene would be required to support the laim that 3-D representations of the entiresene undergo rotations and translations when the head, arm or hand are moved.There is some evidene that in the lateral intra-parietal area (LIP) the reverse trans-formation ours to the one proposed in VIP, that is, from head-entred to retinotopio-ordinates. This time the transformed signal is an auditory one. Strianne et al. (1996)found evidene of auditory and visual input onverging in a retinotopi frame in LIP,not a head-entred one. Given that auditory information about diretion starts o� in ahead-entred o-ordinate frame, this is a striking �nding. Similar mapping of auditorysignals into retinotopi o-ordinates ours in the superior olliulus and frontal eye �elds(Jay and Sparks, 1984; Russo and Brue, 1994).This type of evidene is ompatible with the idea that sensory information is unitedin a retinotopi frame for the purposes of guiding ertain ations. Suh ations inludethe generation of saades, with whih LIP is known to be involved (Shibutani et al.,1984; Barash et al., 1991; Thier and Andersen, 1996) orienting movements (whih areoften losely related, Freedman and Sparks, 1997) and reahing. Some psyhophysialevidene is disussed in the next setion that manual pointing is organised in a retinotopiframe (Henriques et al., 1998).In summary, although the RVD model we propose would be falsi�ed by the demon-stration of a general-purpose head-entred representation in the brain (i.e. not one speif-ially assoiated with head or mouth movements), no ompelling physiologial evideneof a representation of this type has yet been presented.7 Psyhophysial evideneIn this setion, we �rst onsider some of the psyhophysial data that has been presentedas evidene of a head-based referene frame. We argue that the results are ompatiblewith other onlusions. We then desribe a reent experiment that was designed todistinguish retinoentri from head- or body-entred referene frames. Finally, we disusspsyhophysial tests of the RVD model.7.1 A head-entred frameMuh of the evidene ited in support of a head-entred representation demonstrates thatan eye position signal an be used by subjets. For example, it is known that subjetsan disriminate the visual diretion of a point of light presented in the dark (� 3Æ)(Merton, 1961). This is a suÆient demonstration to show that non-visual ues anprovide information about visual diretion. However, sine the head was �xed in thisexperiment, it does not show that the representation is head-entred. There is no reason,for example, why a representation of relative diretion, very like the visual one we havedesribed, should not be built up from proprioeptive information.A similar argument applies to experiments on the apparent `straight-ahead'. For ex-ample, Morgan showed that the diretion of the apparent visual `straight-ahead' deviatedsystematially as a funtion of the eentriity of gaze (Morgan, 1978). Prisms plaedin front of the eyes also shift the visual sene relative to the apparent straight ahead



19(Held and Hein, 1958). These results demonstrate the importane of information abouteye position in relating the line of sight to a diretion de�ned in head or body entredo-ordinates, but they are not evidene for a head-entred representation. For example,the RVD representation enodes only the relative visual diretion of objets, but it ouldbe related to a motor representation of relative diretions. Wearing prisms would a�etthe registration of these two maps. Given that both maps are relative, neither need to bedesribed as head or body entred.Experiments on visual stability have been used to argue for the existene of a headentred representation. Helmholtz (1867) argued, from observing that manually movingthe eyeball auses apparent movement of the visual sene, that e�erene opy must nor-mally be used to predit the sensory onsequenes of the intended eye movement. Theresults of paralysing the eye musles, whih auses an illusory movement of the senewhen the observer intends to make a saade, lead to a similar onlusion (Perenin et al.,1977).These experiments show that an expetation of the sensory onsequenes of a move-ment is present at the time the movement is made. Indeed, a ontemporary view invertsthe idea of e�erene opy (whih is thought of as a opy of a motor ommand) and pro-poses instead that a predition of the sensory onsequenes of a movement is a suitableinput to the motor system when generating a motor signal (Miall et al., 1993). In termsof vision, this means a predition of the `desired' image. A reent experiment on sa-adi adaptation supports this view. Bahall and Kowler (1999) showed that, providedthe sensory onsequenes of a saade math the prior expetation, the magnitude ofthe saade does not a�et the pereived visual diretion of the post-saadi target. Apiee-wise retinotopi store suh as the RVD representation is better suited to the purposeof prediting the onsequenes of a saade than an expliit 3-D representation. Note,as before, that although these experiments on visual stability suggest there is a non-retinotopi representation (i.e one that allows preditions of the sensory onsequenes ofan eye movement), there is nothing to suggest that its o-ordinate frame is head entred.A di�erent argument in favour of head-entred representation has been raised in theontext of heading judgements. For example, Crowell et al. (1998) have shown thatheading judgements are a�eted by the degree of proprioeptive and `e�erene opy' in-formation that is available to determine how the �xation point moves with respet to thehead or body. However, this does not neessarily imply that the proprioeptive informa-tion is being used to onstrut a model of the sene and the observer's translation in ahead-entred frame.In the experiment of Crowell et al, (and others, e.g. Royden et al., 1994; Stoneand Perrone, 1997), the �xation point moves in quite a di�erent way from the rest ofthe dots in the sene. Often the simulated motion is inompatible with an observermoving through a stati sene and �xating on a stati objet as they move. Under suhirumstanes, strategies involved in measuring relative motion ompared to the �xationpoint, as desribed in this paper and by Cutting et al. (1992), and the template modeldesribed by Perrone and Stone (1994), would be inappropriate for judging heading.Instead, there are two separate referene frames in relation to whih observers ouldmake their heading judgements: one based on the �xation point, and one based on thesimulated 3-D sene. In fat, observers' responses ould be desribed as alternating be-tween the two. When the head and body (or just the head) are passively moved to stay�xed in relation to the �xation point, or when both the observer and the �xation point



20remain stationary, heading judgements are biased towards a onstant heading in relationto the �xation point (towards it in this ase). In onditions where the gaze atively fol-lows the �xation point, and the body remains in a �xed orientation with respet to thesimulated 3-D sene, observers are muh better able to judge their diretion of headingwith respet to the simulated sene. One interpretation of the results is that, having setup an abnormal relative motion between the �xation point and the 3-D sene, Crowell etal have shown that proprioeptive and e�erene opy information are useful for reoveringthis relative motion and hene helping to solve the task.A more extensive review of the evidene for a head entred representation of spae isgiven by Henriques et al. (1998). They onluded that there is little evidene in favourat present.7.2 A retinotopi frame for ationFortuitous errors or biases in the visuo-motor system make it possible to make dedutionsabout the organisation of the underlying mehanisms. Henriques et al. (1998) used anexample of this to test the head entred model. They exploited the fat that observersonsistently over-estimate the angular eentriity of a remembered target when asked topoint to it in the dark to distinguish head-entri and retinotopi models of visual spaerepresentation. The experiment ould not have been done without the onsistent bias inpointing, yet neither model would have predited its existene.In their experiment, Henriques et al. (1998) found that the pattern of errors in pointingto a remembered target bore a onsistent relationship to the diretion of gaze at themoment the subjet pointed, whereas there was no onsistent relationship to either thehead-entred diretion of the target or, ritially, to the retinotopi loation of the targetwhen it was visible. The onlusion they reahed was that pointing ommands are odedin a retinotopi frame, rather like the auditory reeptive �elds desribed above.7.3 Using the simplest strategy availableSetting a omplex task, by itself, does not provide a test of the RVD representation. Forexample, we do not suggest that observers annot ompute a 3-D model of their environ-ment and their loation within it. An arhitet drawing a plan, side view and elevationof a building is an adequate ounter-example. Rather, we propose that a representationof relative visual diretion ould at as a type of `primal sketh' like the one proposed byMarr and Hildreth (1980) exept that it is of the entire opti array. The purpose of Marr'sprimal sketh, like the one we propose, was to store relatively `raw' visual information ina form that ould be used by subsequent visual and motor proesses.This presents a diÆulty in distinguishing the relative visual diretion model and atrue 3-D model. It has been suggested that the visual system ould use a hierarhy ofalgorithms to arry out visual tasks, where the omplexity of the algorithm depends onthe demands of the task (Koenderink and van Doorn, 1991; Tittle et al., 1995; Glennersteret al., 1996). Sine this hierarhy ould inlude, at the top level, full Eulidean reonstru-tion, some subtlety is required in distinguishing the models experimentally. Glennersteret al. (1996) takled a similar problem in relation to the pereption of surfae shape where,again, a hierarhy of algorithms ould be used depending on the demands of the task.They showed that the systemati distortions in judgements of shape from stereopsis that



21had been shown before (Johnston, 1991) disappeared, or were greatly diminished, whenthe observer's task was hanged. Their result an be explained readily if it is assumedthat the visual system does not ompute the full 3-D struture of objets unless requiredto do so by the task: when a simpler algorithm ould be used (in this ase, in order tomath the relief of objets at two distanes) the visual system uses it. This result �ts wellwith the RVD model we have presented, whih stores motion and disparity informationin a `raw' form, available for use in di�erent ways depending on the task.The hierarhy of strategies we desribe for loation ould be investigated using a similarexperimental tehnique. In setion 5, for example, we illustrate how points lying on agaze-normal plane an be piked out by a simple strategy (��PQ is zero for all pairs ofpoints, P and Q, on the plane) as the opti entre translates (or for binoular viewing).When the observer makes a saade, the same plane is no longer gaze-normal, and a moreelaborate algorithm would be required to determine whether a point lies in the plane.Both the sene and the loations of the opti entre(s) remain the same, only the lineof sight has hanged. Evidene on subjets' performane in these two ases (or similarexperiments) ould be one way in whih to disover whether the visual system uses ahierarhy of strategies for determining the loation of objets.If observers made judgements (or movements) that required information about fullEulidean 3-D struture on every �xation, then the RVD model would lose muh ofits simpliity. However, the reverse is likely to be true. For example, during naturalviewing one saade is often followed rapidly by another, requiring no omputation of 3-Dstruture. Preliminary studies have been made examining the role of individual �xationsduring omplex natural tasks (e.g. Land and Furneaux, 1997). It would be valuable toextend suh studies and to quantify the minimal level of omputation required to ontrolthe motor behaviour ourring during eah period of �xation. The results would helponstrain models of the most eÆient representation neessary to arry out those tasks.ConlusionWhether �xation simpli�es or ompliates the interpretation of retinal ow depends onwhat is being omputed. If the aim is to ompute translational ow and hene sene stru-ture and diretion of heading in an expliit 3-D frame, then �xation (and the onsequentrotational ow as the observer moves) is indeed a ompliating fator. We have arguedfor a di�erent goal, in whih ations are arried out in relation to the �xated objet andthe loation of potential �xation targets is stored by reording their hanging RVDs asthe observer moves. We have shown how, if this is the goal, the at of maintaining gazeon a point as the observer moves is a positive advantage.A representation of relative visual diretions ould at as a type of `primal sketh'(Marr and Hildreth, 1980) of the opti array | a piee-wise retinotopi store of infor-mation lasting at least a few seonds | on whih a range of motor and visual proessesould draw. We have outlined the ways in whih a representation of this sort might allowthe visual system to operate suessfully in a 3-D world without the need to generate afull 3-D representation of the sene, with all the o-ordinate transformations that implies,every time the observer moves their head or eyes.
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23AppendixThis appendix ontains details of (i) the image proessing desribed in setion 3 and howthose images were plaed in a ommon referene frame and (ii) the stage-by-stage reoveryof diretion of heading desribed in setion 5.2.Image aquisition and proessingImages were aquired using a video-resolution Pulnix CCD amera, rotating about a�xed point. Before aquisition, the amera intrinsi parameters were reovered using areferene objet of known geometry and the alibration method desribed by Tsai (Tsai,1986). Note that no information is used about the 3-D loation or pose (i.e extrinsiparameters) of the amera.To obtain image primitives, we proessed the images aording to the MIRAGE al-gorithm (Watt, 1987). Convolution with a Laplaian of Gaussian �lter at three spatialsales, eah separated by one otave, is followed by summation of the positive responsesat eah sale and summation of the negative responses to form a separate signal. Theprimitives used in this paper are the 2-D entroids of the zero-bounded regions in the neg-ative response (i.e. the `dark blobs'). Correspondene between primitives in suessiveframes was indiated manually.Representation in one frameUsing the known amera alibration, the 2-D oordinates of primitives are onverted to 3-D unit diretion vetors (n̂) in the (arbitrary) amera referene frame. The optial entreis at O1. Let the diretion to the �xated feature F be denoted n̂F , and the diretionsof to two other primitives P and Q be denoted n̂P and n̂Q. The information reordedomprises: the eentriities of P and Q, and the dihedral angle �PQ between the pair ofplanes (O1; F; P ) and (O1; F; Q).os �P = os 6 FP = n̂F � n̂Pos �Q = os 6 FQ = n̂F � n̂Qos �PQ = os 6 (FP;FQ) = n̂F � n̂Pjjn̂F � n̂P jj � n̂F � n̂Qjjn̂F � n̂QjjFigure 1 illustrates these angles where rays (O1; F ), (O1; P ) and (O1; Q) orrespond tothe vetors F;P and Q in diretions n̂F , n̂P and n̂Q. From these data, we an reover theoriginal diretions|up to an arbitrary rotation of the referene frame|by the followingproedure:1. Choose n̂F = [0; 0; 1℄2. Choose the Y Z plane to ontain P (n̂P = [0; sin �P ; os �P ℄)3. Set n̂Q = [sin �PQ sin �Q; os �PQ sin �Q; os �Q℄



24RegistrationIn order to show that the proposed representation is suÆient to relate a series of eyerotations, we need only onsider the registration of a pair of frames. Primitives in theseond frame have diretions n̂0 in a rotated oordinate system, related to the �rst byn̂0 = Rn̂, with R a 3� 3 rotation matrix. Reovering the arbitrary frame as above allowsthe reovery of R.Hierarhial reovery of diretion of headingIt is assumed that (i) �xation is maintained on the point F, (ii) the line on the retinathrough the fovea (F 0) orresponding to the base plane (O1; O2; F ) is known (see below),(iii) all translations are in this plane and (iv) translations are small with respet to thedistane (O;F ).Reovering the projetion of the base planeIn order to determine the line whih is the intersetion of the base plane (O1; O2; F ) withthe retina, we �rst observe that if there is no ylotorsion, rotation is about the planenormal. Therefore, the image motion of all points in this plane will be restrited to thebase line; or equivalently, suh points have not tangential rotation, so their �� = 0.The e�et of ylotorsion is to add a onstant angle to eah observed ��, so that allpoints whih are on the base line will have equal ��, orresponding to the negative ofthe amount of ylotorsion. Therefore, given a reasonably dense image of point motions,lines through the fovea of onstant �� represent andidates for the base line.Beause �� is trivially zero (before adding ylotorsion) for points at in�nity, theywould give rise to false estimate of the base line. However, suh points will also have zero��, and an therefore be easily exluded from the baseline omputation.Heading with respet to the line of sightLet the diretion of translation have two omponents, u and v:u = un̂u (1)v = vn̂v (2)where n̂u is in the diretion OF and n̂v is perpendiular to n̂u and in the base plane. Thesign of v an be de�ned, arbitrarily, by relating it to the diretion of a referene point Qin the base plane, suh that: n̂u � n̂vjjn̂u � n̂vjj = n̂u � n̂Qjjn̂u � n̂Qjj : (3)If, for example, the translation (u + v) is in the horizontal plane, and Q is the theright of the �xation point, then for all translations to the right, v has a positive sign.For an unknown n̂v, the sign of v (i.e. vjvj) an be reovered simply from the hangein � of an arbitrary point in the sene, P , (or from many points in the sene), as follows(Weinshall, 1990):



25vjvj = ��Pj��P j dPjdP j (4)where dP is the depth of P with respet to gaze-normal plane. The sign of dP (i.e. dPjdP j)ould be obtained from the binoular disparity of P . �P is de�ned relative to the baseplane as: os �P = n̂F � n̂Pjjn̂F � n̂P jj � n̂F � n̂Qjjn̂F � n̂Qjj (5)where Q lies in the base plane. De�ned in this way, near points all have the same sign of�� when the opti entre translates.Ratios of v for di�erent translations��P gives not only the sign but also the relative magnitude of v for di�erent translations(Weinshall, 1990). For small translations, we may assume that v is linearly related to��P : v = k1P��P (6)where k1P is onstant aross di�erent translations but is spei� to the point P .Ratios of u for di�erent translationsFor a point, A, in the plane that is perpendiular to the base plane and whih passesthrough OF : u = k2A��A (7)where A is a point that lies in this `perpendiular' plane. For example, if the translationis in the horizontal plane, A is a point lying on the vertial meridian. k2A is onstantaross di�erent translations but is spei� to the point A.The tangent of the diretion of heading is now known up to a sale fator:tan �e = vu = k3��P��A (8)where �e is the angle of diretion of heading (or epipole) with respet to (OF ) andk3 = k1P=k2A.



26Reovering the diretion of headingThere may be a variety of ways to reover k3 and hene the diretion of heading. Forexample, if the observer makes a set of head movements in random diretions, the ex-petation is that values of omputed �e will have a at frequeny distribution. Inorretestimates of k3 will ause the distribution to be peaked at diretions of heading of 0 and180Æ or 90 and 270Æ, where n̂F de�nes 0Æ. This information ould be used to modify andimprove the estimate of k3. An alternative, more preise method, whih we desribe here,requires a point in the gaze-normal plane to be identi�ed.There is a partiular diretion of heading, artan vt=ut, suh that ��B = 0 and ��B =0: vtut = � ot �B s �B (9)whih arises when (i) the omponent of translation in the plane (O;F;B) is tangentialto the irle passing through O;F and B and (ii) B is in the gaze-normal plane. Theobserver does not need to make this translation, but equation 9 allows k3 to be omputed,as follows.In the ase of translation (ut + vt), there is no hange in �B. �� is zero for othertranslations along the tangent to the irle but, in this partiular ase, when angle 6 OFBis 90Æ, the diretion of the tangent, artan(vt os �B=ut), an be found simply from �B and�B. Points in the gaze-normal plane are readily identi�able (Weinshall, 1990; Liu et al,1994), having the property that, to a good approximation, ��B = 0 for all diretions oftranslations of the opti entre.In general, �� for points has a ontribution from eah omponent of translation, uand v. Thus, ��B = k4B��A + k5B��P (10)sine ��A is proportional to u and ��P is proportional to v.Only the ratio of u to v is required to reover the diretion of heading. So, fromequations 8 and 10: ��B = [k4Bk3u+ k5Bv℄ (11)where  is onstant aross di�erent translations. From equations 9 and 11:k3 = k5Bk4B ot �B s �B: (12)The onstants k4B and k5B an be found from observing ��B for two di�erent trans-lations and using equation 10. The solutions are:k4B = �(��P1��B2)� (��P2��B1)(��A1��P2)� (��A2��P1) (13)k5B = �(��A2��B1)� (��A1��B2)(��A1��P2)� (��A2��P1) (14)



27Thus, from equations 8, 12 and 13, the tangent of the diretion of heading, tan �e, isgiven by: tan �e = vu = ot �B s �B (��A2��B1)� (��A1��B2)(��P1��B2)� (��P2��B1) ��P��A : (15)so diretion of heading, �e, an be omputed from just �� of A and B, �� of P and theretinal loation (�; �) of B.
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34Figure legendsFigure 1 Combining images related by rotations of the eye or amera.a) An eye is shown pointing in two diretions. The red and blue ars (portions of agreat irle) joining eah image feature to the fovea de�ne their relative visual diretions(RVDs) with respet to the fovea (and hene the potential saades required to �xate theorresponding objets). The sphere on the right shows how the retinal images from thesetwo views ould be related to form a representation of the RVDs of objets.b) A set of 22 images (of whih 6 are shown here), obtained by rotating a ameraabout a �xed point, were �ltered (2 examples shown), and the diretions of 6 featuresper image were plaed in a ommon referene frame for visual diretion (sphere). J isa nominal �xation point in one of the �ltered images. The red lines (and orrespondingars on the sphere) meeting at J de�ne planes through the opti entre, J and �ve otherpoints. As desribed in the Appendix, to register these diretions with the diretions ofpoints visible on the next �xation (K), two orrespondenes are required (features J andn in this example).Figure 2: The e�et of observer translation on relative visual diretions (RVDs).a) The visual diretions of a set of points, as in �gure 1a. When the opti entretranslates, the visual diretion of near points (shown by the white diss) hanges withrespet to the diretions of the distant points (blak diss).b) The olour ode here summarises the e�et of translating the opti entre in randomdiretions (100 translations of unit magnitude). It shows the mean hange in the anglesubtended by two points at the opti entre (expressed as a proportion of the initial angle,j��=�1j). The width of the ars varies with the olour. The width is proportional to thelog of j��=�1j. The near points are 100 and the distant point 1000 times the magnitudeof the translations.) Change in the angular separation of a pair of points (j��=�1j) varies with (i) distanefrom the observer, D, (ii) the depth di�erene between points, (s � D) and (iii) theirangular separation (here, � = 45Æ). Translation magnitude is 1. If � was small, e.g. 1Æ,then the funtion would dip down towards zero at s=D = 1. In the ase shown here, nearpoints an be distinguished from a more distant set without knowing the diretions oftranslation or the relative depths of the points (s�D).Figure 3: Retinal motion and disparity provide a diret measure of hanges in relativevisual diretion (RVD) with respet to the �xated objet.a) Rays from F; P and Q pass through the opti entre at loation O1 and projet tothe points F 0; P 0 and Q0 on the spherial retina (entred on the opti entre, O). TakingF 0 as the fovea, the retinal loation P 0 an be desribed by its eentriity, �P (whihis also the angle FO1P ) and the polar angle �PQ, measured with respet to the retinalloation Q0. (�PQ is also the angle between the planes FO1P and FO1Q).b) When the opti entre translates from loation O1 to O2 while the observer main-tains �xation on F , the motion of P 0 on the retina has two omponents: a hange ineentriity, ��P , and a perpendiular omponent, ��P . In the example shown here, thetranslation of the opti entre from O1 to O2 is in the plane FO1Q, so the �� omponentof retinal motion at P 0 signals the hange in the angle between the planes (F;O; P ) and(F;O;Q) { i.e. in this ase, ��P = ��PQ (see text). In the more general ase, the motions



35at both P 0 and Q0 are required to ompute the hange in the angle �PQ.Figure 4: �� and sene struture.The three retinal projetions shown here are in the same format as �gure 3b, but thedistane OP di�ers in eah ase. At the top, P is more distant than the gaze-normalplane through F ; in the entre, P lies in the gaze-normal plane and at the bottom, P isloser than the gaze-normal plane. In eah ase, as the opti entre translates from O1 toO2 to O3, the projetion of P , P 0, beomes more eentri (��P inreases). ��P , on theother hand, is negative when P is beyond the gaze-normal plane (top), zero when P liesin the gaze-normal plane (middle) and positive when P is loser than the gaze-normalplane (bottom).The ontour plot shows how �P is a�eted by the distane of P and the translationof O. The x-axis shows the magnitude of the translation in the diretion (O1; O2; O3).The y-axis gives the distane (O2; P ). The unit of distane in both ases is the length(O2; F ). The dotted line shows the distane at whih P lies in the gaze-normal plane. Inthis example, the diretion of (O2; P ) is (1,1,1) where O2 is the origin, and the axes arede�ned by the diretion (O2; F ) and the plane (F;O;Q)).The same overall pattern of �P values are observed (i.e. a hange in the sign of ��depending on the diretion of translation and the distane (O2; P ) relative to the gaze-normal plane) independent of the retinal loation of P 0, provided that O1; O2; F and P arenot o-planar. The pattern is also independent of the diretion of translation (O1; O2; O3),provided this remains to one side of (O2; F ).
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