A graph-theoretical generalization of Berge’s
analogue of the Erdos-Ko-Rado theorem.
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Abstract. A family A of r-subsets of the vertex set V(G) of a graph G is
intersecting if any two of the r-subsets have a non-empty intersection. The
graph G is r-EKR if a largest intersecting family A of independent r-subsets
of V(G) may be obtained by taking all independent r-subsets containing some
particular vertex.

In this paper, we show that if G consists of one path P raised to the
power ko > 1, and s cycles 1C, 2C, ..., sC raised to the powers ki, ko, ..., ks
respectively, with

min (w(lckl),w(gcb), L w(sC )) > w(Pro) > 2

where w(H) denotes the clique number of H, and if G has an independent
r-set (so r is not too large), then G is -EKR. An intersecting family of the
largest possible size may be found by taking all independent r-subsets of V (G)
containing one of the end-vertices of the path.

1. Introduction

We first discuss the Erdés-Ko-Rado theorem, Berge’s analogue of it, and a recent
further analogue due to Talbot. Then we show that all three can be presented in
a unified way as being a property of some relevant graph. Then we give a much
more general analogue, extending Berge’s result.

1.1. The Erdés-Ko-Rado theorem

The Erdés-Ko-Rado (EKR) theorem [6] of 1961 states that if A is a family of r-
subsets of {1,2,...,n} with » <n/2 such that A is intersecting (that is A;, As €
A= A1NAy # ), then |A| < (Z:%) From the Hilton-Milner theorem [9] it follows
that, except if n = r/2, the only way of obtaining the equality |A| = (Zj) is by
taking all r-sets containing a common element (but, as Claude Berge observed to
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the first author, this fact can also be determined by a close examination of the
original proof of the EKR theorem).

1.2. Berge’s analogue of the EKR theorem

Let X1, Xo,..., X, be finite sets with |X;| = k; (1 < i < s) and 2 < k; <
ko < ... < ks. In 1972 Berge considered the hypergraph, say Hy, with vertex set
X1 UXoU...UX, and (hyper)edge set all ki, ks, ..., ks subsets {z1,22,..., 25}
with 2; € X; (1 <4 < s). The chromatic index q(H) of a hypergraph H is the
smallest number of colours needed to colour the edges of H so that no two edges
with a vertex in common have the same colour. Berge [1] showed that

q(Ho) = koks - - - ks.

A corollary of this is the analogue of the EKR theorem mentioned in the title
of this paper. This is that the greatest number of pairwise intersecting hyperedges
in H is the same number, namely ksks - - - ks; this number is clearly the greatest
number of hyperedges containing a common vertex, i.e. the maximum degree in
H. This corollary can be expressed in terms of integer sequences (e.g. [4], [5], [7],
[8], [12], [14]) and in other formulations as well (e.g. [2], [11], [15]) and is a special
case of Theorem 1.3.

1.3. Talbot’s analogue of the EKR theorem

Very recently, in 2003, Talbot [15], investigating a problem of Holroyd [10], pro-
duced a further analogue of the EKR theorem. Considering the numbers 1,2,...,n
in cyclic fashion, so that ¢ and i + 1 are adjacent (1 < i < mn —1) and n and 1
are adjacent, Talbot treated r-subsets of {1,2,...,n} which are separated, that is
no adjacent pair is in any separated r-subset. Talbot showed that if A is an inter-
secting family of seperated r-subsets of {1,2,...,n} then |A| < (”;ﬁ;l). He also
characterized the families A4 for which there is equality here. Talbot’s achievement
in finding a proof of this was quite notable, as there seems to be no easy way of
tackling this problem on the lines of the original proof [6], Katona’s proof [13] or
Daykin’s proof [3], the three main proofs of the EKR theorem; Talbot’s proof is
more similar to the original proof than to the other two.

1.4. A unified viewpoint: -EKR graphs

The EKR theorem, the corollary to Berge’s theorem and Talbot’s theorem can all
be expressed in a very similar way in terms of graph theory. Let G be a given
graph with n vertices and consider the independent (or stable) r-subsets of the
vertex set V(G) of G, that is, the r-subsets with no edge of G joining any pair
of vertices. We look for an intersecting family of independent r-subsets. For the
original EKR-theorem, we can take G to be the graph with n > 2r vertices and no
edges. For the corollary to Berge’s theorem, we can take G to be the graph with r
components, each a complete graph, the ith having order k;. For Talbot’s theorem
we can take G to be an n-cycle.

We call a family A of independent r-subsets of V(G), all containing the
same vertex, say w, an r-star; the vertex w is called the star centre. We call a
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FIGURE 1

graph G r-EKR if some largest intersecting family of independent r-subsets of
V(G) is an r-star. We call G strictly r-EKR if every largest intersecting family
of independent r-sets is an r-star. The EKR theorem, the corollary to Berge’s
theorem, and Talbot’s theorem may all be expressed by saying that the relevant
graph is -EKR.

We mention that Talbot actually proved more, namely that the k-th power
of an n-cycle is r-EKR if £ > 1, » > 1 and n > r(k + 1). He also showed exactly
when CF is strictly m-EKR.

Not all graphs need be r-EKR. For a much fuller discussion of this, see
Holroyd and Talbot [12]. A simple example of a graph which is not EKR is
provided, paradoxically, by the graph with n vertices and no edges when n < 2r.
Then every r-set intersects every other r-set. Another simple example is provided
by the graph G in Figure 1. This graph is not 3-EKR. A largest 3-star that can
be obtained is clearly {acd, ace,acf,adf}, which has four members. Yet a largest
intersecting family of independent 3-sets is {acd, ace, acf, adf, cdf }, which has five
members.

We draw attention to the following interesting conjecture of Holroyd and
Talbot. Let,

#(G) = min{|I] : I is a maximal independent subset of V(G)}.
Conjecture 1.1. If 1 <r < pu/2, then G is r-EKR.

1.5. Further extensions of Berge’s analogue

Our main result, Theorem 1.3, generalizes Berge’s theorem as well as a number
of generalizations of Berge’s theorem due to Gronau [8], Meyer [14], Deza and
Frankl [4], Bollobas and Leader [2], culminating in the following theorem of Hol-
royd, Spencer and Talbot [11].

Theorem 1.2. Lett > r > 1 and let G be a graph with t components, each being a
complete graph of order at least two (the complete graphs not necessarily being of
the same order). Then G is r-EKR, and a largest star may be found by taking the
star centre to be a vertex in a complete graph of smallest order.

The requirement in Theorem 1.2 that the components have order at least two
is essential (apart from the fact (not observed by Holroyd, Spencer and Talbot) that
we can permit one complete graph to be an isolated vertex.) In the extreme case,
when all the components are isolated vertices, we are in the situation described in
the EKR-theorem, where we needed the extra requirement that r < ¢/2 for G to
be r-EKR.
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1.6. Our further extension of Berge’s Theorem

We let w(G) be the clique number of a graph G, that is the largest order of a
complete subgraph of G. Note that the formulae for the clique numbers of P* and
Ck, where P, and C,, are the path and cycle respectively with n vertices, are

E+1 ifn>k+1
k\ _ = 3
w(P”)_{ n ifn <k,

and
k+1 ifn>2k+2
k\ _ = 5
w(C")_{n if n <2k +1.
Our main result concerns a graph G consisting of cycles 1C, 2C, . . ., ;C, raised
to the powers ki, ks, ..., ks respectively and a path P raised to the power ky. We
let ¢; = |V (;C)| and p = |V(P)] and we let

A B if2<c; <k+1.
We shall denote this graph G by G(c1 ,c’§2, ..., cFs pFo). Our main result is:

S

Theorem 1.3. Let s > 0,p > 1 and ¢; > 2 (1 <i<s). Let

min (w(lel),w(QC’]”), . 7w(kaS)) > max(w(P™),2), (1)
and let
1<r< ; .
" (Z i ) ’Vko + 1-‘
Then G(c1 702 2 ..., cks pko) is r-EKR. An r-star of maximum size may be ob-

tained by taking all independent r-subsets of V(G) containing one of the end ver-
tices of the path P.

It is not hard to verify that Condition (1) is equivalent to the following
Condition (2).

min ( min (k; +1 cl)> > max (min (ko + 1,p),2). (2)

1<i<s

Thus we have:
Lemma 1.4. Conditions (1) and (2) are equivalent.

In Theorem 1.3, we include K3’s as cycles (degenerate cycles!), so that the
equation w(;O®) = 2 is permitted for any value of i, 1 < i < s. The theorem
remains true in this case, and the proof is considerably simplified. The theorem
becomes untrue if we go further and include K7’s as (degenerate) cycles as well.

Graphs G consisting of powers of one path and several cycles may well be
r-EKR even if w(P*) > min;<;<s w(;C*?), but it is not clear to the authors where
the star centre of a largest star might be.
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The curious term max(w(P*°),2) in Theorem 1.3 is there simply to take
account of the fact that the cycles ;C (1 <14 < s) all have to have length at least
two, whereas the path can just have length 1.

Our proof of Theorem 1.3 is inspired by Talbot’s clever proof. It takes The-
orem 1.2 as its starting point.

1.7. Notation

Given the path P and the cycles 1C,2C, ..., C, we let p = |V(P)|, ¢; = |[V(;C)|,
T=c1+ca++cesandn=p+ci+cea+---+c(=p+w). We shall suppose that
the vertices of ;C are ¢ +co+---+c¢;_1+1,...,c1+ca+---¢; and that the vertices
citeat - +eitj—landeg +ceo+---+c¢i—1 +j are adjacent in ;C (1 <i <
$,2<j<¢)andthat ¢ +co+---+c¢—1+1and ¢; +co+---+¢; are adjacent in
iC. We shall suppose that the vertices of P are 7 + 1,7+ 2,..., 7 + p(=n). The
graph G described in Theorem 1.3 has cycles 1C, C, ... ;C raised to the powers
ki, ko, ..., ks respectively, and a path P raised to the power kg; we shall suppose
that G has vertex set {1,2,...,n}, and shall denote G by G(c]f1 , 052, oy cls pFo).

We let Z(") or Z(")(G) denote the set of all independent r-sets of G, and let

I((f) or I,(lr) (@) denote the set of all independent r-sets of G containing some vertex
a € V(Q).
We shall use the letter a for an end vertex of the path P.

2. Proof of Theorem 1.3

The proof proceeds through a number of lemmas and sublemmas. Throughout A
will be an intersecting family of independent r-subsets of

V(G(e}* b2, ... ke ph)).

Lemma 2.1. Theorem 1.3 is true for any graph which is the union of the koth power
of a path and s cycles, where the ith cycle is raised to the power k;, if

1. the length of the path is at least 2 and at most ko + 1,

2. for1 <i <s, the length of the ith cycle is at least 2 and at most 2k; +1, and

3. the clique number of the power of the path is not more than the smallest clique
number of the powers of the cycles.

Proof. In this case, the power of the path and the various powers of the cycles are
cliques, and then Theorem 1.3 reduces to Theorem 1.2. (]

Lemma 2.2. Theorem 1.3 is true if p=ko+1, r =Y., ki + [p/(ko +1)], and
condition (1) is satisfied.
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Before proving Lemma 2.2, let us introduce another piece of terminology.
Consider a bijection p: {1,2,...,n} — {1,2,...,n} given by:

plerteat-Fe1+j) = atet-teoat+jitl (1<j<cg,
1<i<s),
pler+ea+-+c) = cateat-tei+1 (1<i<s),
pr+j) = m+j+1 (1<j<p)

un) = w+1L

We call u a clockwise rotation.

Proof of Lemma 2.2 Since p = ko+1, [p/(ko +1)] =1.Let r = Y;_, ;+1. Then
r is the largest possible cardinality that an independent set can have; moreover
any independent r-set must contain exactly one vertex of P.

By condition (2), ¢; > p=ko+1 (1 <i<s),so for any independent r-set A,
the intersecting family A will contain at most one of A, u(A), u?(A), ..., uko(A).

Therefore |A| < |Z()|/(ko+1). But since Z(") = Iﬂlu- : -UL(QP and I,gr) ﬂl'l(r) =0
(r+1<k<I<m+p), it follows that |Z()]| = p|Z{),| = (ko + 1)|Z"),], so that

|A] < |I7(rr_21|, which proves Lemma 2.2. u

Lemma 2.3. Theorem 1.3 is true if [V(P)| =ko+1, 1 <r <> 7 Kk +1, and
condition (1) is satisfied.

Proof. In view of Lemma 2.1, we may assume that ;C*: is not a complete graph
for at least one i, 1 < i < s. Without loss of generality, assume that c¢; >
max(3,w(P*)) = max(3, ko + 1). In particular, this implies that ¢; > 4 if k; = 1
and ¢; > 2k + 2 if k1 > 2 (since ;C** is a complete graph if ¢; < 2k; + 1). It
also implies that C¥! contains a K),. Notice that C’fll_l and C’fll_ k, 1 also contain
a Kp; this is obvious if neither of these is a complete graph, but if, for example,
c1 =2k +2, then KM, s a Ky, 11 D K1 = K.

We use induction on ¢; and, in particular, we shall assume that Lemma 2.3
is true for ¢; — 1 and ¢; — 2. Lemma 2.1 provides the base step for our induction
hypothesis. In view of Lemma 2.2, we may assume that » < Y ;_; x; + 1.

Define the function f: {1,2,...,n} — {1,2,...,n — 1} by

We shall need the following very easy sublemmas:
Sublemma 2.3.1. If G is an intersecting family, then so is f(G).

Sublemma 2.3.2. If A and B are independent r-subsets of G(c’fl,c;”, oy cle pho)
and A # B, then, for 1 < j < ks, fi1(A) = f1(B) = AAB = {c,d} for some c,d
withl<c<d<j+1.
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Consider the following partition of our intersecting family .4 of independent

r-subsets of G:
k1
A=Bucu (Um) :

i=0
where

B={Acd:1¢aamd f(4) e (G (-1 d2...dp)) ]},

c= {A €A:1eAand f(A) e (G ((c1 . 1)k1,c§2,...,c§s,pko))},
Do={AecA: 1k +2cA}
Di={A€eA:c1+1—ik1+2—-ieB} (1<i<k).
Since f(B)U f(C) = f(BUC), and since, by Sublemma 2.3.1, f(BUC) is an in-
tersecting family of independent r-subsets of Z(") (G ((01 — 1)k, 052, . ,c’S“S,pk(’)),
it follows by induction that

1BV £(C)] < |20 (G ((er = 1), 3)

It follows from Sublemma 2.3.2 with j = 1 that |f(B)| = |B| (as no set in B contains
1) and | f(C)| = |C] (as no set in C contains 2). Therefore |B|+|C| = | f(B)|+]|f(C)|.
Consequently

1Bl + [C| = [f(B)U f(C)| + | f(B) N f(C)].
Let
&= [f(B)N f(C).
Then, by (3),

1Bl + Il < €]+ |20 (G ((er = ) ) ) (4)
For any family G of sets, let G — {1} = {G\{1} : G € G}. Define,

k1
F=(MHE-{)u (U (f"(Di) ~ {1})> :
i=0
Note that if E € £ then E = f(C) for some C' € C, so 1 € E. Also note that
if D € D; for some i, 0 < i < ky, then 1 € f*¥1(D). Therefore F is a family of
(r — 1)-subsets. The family F has many further properties given in the following
sublemmas.

Sublemma 2.3.3.
1. F is a family of independent (r — 1)-subsets of

V(G ((01 - kl)kl,c§2,61§3,...,cfS,pkO)) .
2. f¥ (Do —{1}), f** (D1 = {1}), ..., f¥ (D, — {1}) and fM=1(€ - {1}) are

pairwise disjoint families of sets.
3. F is intersecting.
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4. f(F) is a family of independent (r — 1)-subsets of
V(G ((cl — k= )R b b .,cfS,pk°)> .
Sublemma 2.3.4. With p = ko + 1,
70 (Geb etk )| = 780 (6 (e = 09 el o) )|

A (00 h- b))

+

By Sublemma 2.3.2, f*1 acts as an injective mapping on D; (0 <1i < ki), so
Dil = (D) (0<i< k). ()

By Sublemma 2.3.2 again, f*' also acts as an injective mapping on C, so f*1—1
acts injectively on &, and so

&l =171 (6)
By Sublemma 2.3.3(2) it follows that | F| = |fk1’1(5)|+2f;0 | f¥1(D;)|. Therefore,
by (5) and (6),
k1
|F = €[+ Dil. (7)
i=0
As no set in F contains the vertex 1, the map f : F — f(F) is bijective, so

|7l = [f(F)I. (8)

By Sublemma 2.3.3(3) F is intersecting, so by Sublemma 2.3.2, f(F) is also
intersecting. By Sublemma 2.3.3(4), f(F) is a family of independent (r—1)-subsets

of V(G ((01 — k1 — l)kl,cgz, . ,cff,pk‘))). Therefore, by induction,
FEN |20 (6 (e =k = )P, e po) )| (9)
Therefore, using (3), (7), (8) and (9),

k1

Al = [Bl+[Cl+ Y IDil
i=0
k1
= [f(B)ULOI+IEI+ ) IDi]
i=0
= |fB)U )|+ |F]|
= [fB)U L)+ [f(F)]
< I((f) (G ((cl — l)kl,c’;’“, e ,cfS,pkO))‘
+ Iér_l) (G ((61 —ky — 1)k1,c§2, .. .,clscs,pko))’.
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Therefore, by Sublemma 2.3.4,

IC(LT) (G ((Cl)kl,cgz, .. .,cfs,pk‘J)) ’ )

Lemma 2.3 now follows by induction on ¢;. O

|A| <

Lemma 2.4. Theorem 1.3 is true if 1 < |[V(P)| < ko+1,1 < r < 37 ki +
[p/(ko 4+ 1)], and Condition 1 is satisfied.

Proof. From Lemma 2.3 we know that G(clf1 , cgz, oo e pFo)is r-EKRif |V (P)| =
ko+1,1<r < (Y ki) + 1 and Condition (1) is satisfied, and that an r-star of
maximum size can be found by taking all independent r-sets containing an end-
point a of P (in fact, since P is a complete graph, any vertex of P could be the
centre of a suitable r-star).

If several vertices of P* are removed leaving at least one vertex, say w,

the number of independent r-sets centred on w remains unaltered. Lemma 2.4
follows. O

The rest of the proof of Theorem 1.3 bears a close resemblance to the proof of
Lemma 2.3, and is similarly modelled on Talbot’s proof of his separated sets result
in [15]. We still need to show that, with the cycle powers fixed, we can “grow” the
length of the path, P, to the required value p.

We argue by induction on p. The basis for the induction is provided by
Lemma 2.4 which established Theorem 1.3 whenever 1 < r < (3°7_, k;) + 1,
Condition (1) is satisfied, and 1 < |V(P)| < ko + 1. Recall that the vertices of P
are labelled 7+ 1,7+ 2,..., 7+ p.

Consider the following partition of our intersecting family of .4 independent
r-sets:

A=0QURUS,,

where

Q= {AEA:?T-i-l ¢ Aand g(A) e T (G(c]fl,ch,...,c’;S,(p—1)k0))}7

R = {AEA:F—I—l € Aand g(A) e " (G(clfl,c];"’,...,clj*,(p— 1)’“0))},
So={AeA:m+1,r+ko+2€ A}
Define the function g : {1,2,...,n} — {1,2,...,n—1} by

g{i fisismil
U= -1 ifn+2<j<m+p.

The analogues of Sublemmas 2.3.1 and 2.3.2 are:

Sublemma 2.4.1. If G is an intersecting family, then so is g(G).
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Sublemma 2.4.2. If A and B are independent r-subsets of G (cl ,012“2, ooy cks ,pk‘))
and A # B, then, for 1 < j < kg,
9’(4) = ¢'(B) = AAB = {c,d}
for somec,d withm+1<c<d<m+1+7].
Since g(Q)Ug(R) = g(QUR) and since, by Sublemma 2.4.1, g(QUR) is an in-

tersecting family of independent r-subsets ofI(T) (G (cl , c§2, syl (p— 1)’““)),
it follows by induction that

9(Q UgR) < [T (G (eft el b (= 1)) ). (10)

It follows by Sublemma 2.4.2 with j = 1 that |g(Q)| = |Q| (as no set in Q
contains 7 + 1) and that |g(R)| = |R]| (as no set in R contains 7 + 2). Therefore
QI+ [R[ = [9(Q)| + [9(R)|- Consequently

Q] +IR| = 19(Q) Ug(R)| + [9(Q) N g(R)I.
Let 7 = g(Q) N g(R). Then, by (10),
Q1+ [RI < IT|+ |70 (G (e, b, (0= 1)) )| (11)
Define,

U= (¢ (T —{r+1})) U (" (So) — {m + 1}).
Note that if T € 7 then T = g(R) for some R € R, so 7+ 1 € T. Also note that if
S € 8y then 7+ 1 € g*(S). Therefore U is a family of (r — 1)-subsets. The family
U has the following further properties:
Sublemma 2.4.3.
1. U is a family of independent (r — 1)-subsets of

V(0 (i o=

2. g% (Sg — {7+ 1}) and gFo=1 (T — {7 + 1}) are disjoint families of sets,
3. Ll 18 intersecting,
4. g(U) is a family of intersecting (r — 1)-subsets of

V (G (c]fl,cgz,. ke (p— ko — 1)k°)> .
By Sublemma 2.4.2, g*° acts injectively on Sy, so

|So| = [g*° (So) |. (12)

Again, by Sublemma 2.4.2, g¥° acts injectively on R, and so g*°~! acts injectively
on 7, and so

IT| = |g"~ " (T)| (13)
By Sublemma 2.4.3(2) it follows that

U| = |g" o (T)| + |g*(So)| -
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Therefore, by (12) and (13),
Ul =T+ [Sol.- (14)
As no set in U contains 1, the map g : U — g(U) is injective, so
Ul = lgU)]. (15)

By Sublemma 2.4.3(3), U is intersecting, so by Sublemma 2.4.1, g(i/) is also inter-
secting. By Sublemma 2.4.3(4), g(i) is a family of independent (r — 1)-subsets of

V(G (clfl , 052, syl (p— ko — l)ko)). Therefore, by induction,

@)l < [z (G (et e o= ko = 1)) ). (16)

Therefore, using (10),(14),(15) and (16),
Al = 1QI+ R + S|

19(Q) Ug(R)| + |T] + |So|
19(Q) Ug(R)| + U]
19(Q) U g(R)| + [9()]
70 (G (e = 1))
+ \zy—w (G (e e (p—ko— 1)*»-0))\ _

We now need the following sublemma.

IN

Sublemma 2.4.4. If p > ko + 2 then
700 (Gleb o b ph)) | =
Ic(f_l) (G (c’fl,c’;"’, o ,c’;-‘, (p— ko — 1)k°))‘ .

Using this, it now follows that
|A| < ‘Iér) (G (c’fl,cgz, . ,c’jﬁ,ka’))‘ :

Thus G is r-EKR. Theorem 1.3 now follows by induction on p.

3. Proofs of the lemmas

In this section we prove those lemmas used in the proof of Theorem 1.3 which
still await a proof. We only give a proof of Sublemmas 2.3.1, 2.3.2, 2.3.3 and 2.3.4
because, for 1 < x < 4, the proof of Sublemma 2.4.x is either virtually the same,
or is a considerable simplification of the proof of Sublemma 2.3.x.

Proof of Sublemma 2.3.1 If G is intersecting family and A, B € f(G), then there
exist C,D € G such that A = f(C) and B = f(D). Then § # f(C N D) C
f(C)n f(D) = An B. Thus f(G) is intersecting. O
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Proof of Sublemma 2.3.2 Let A,B € 7 (G(c’fl,c§2,...,c§S,pk°)) with A # B
but fi(A) = f/(B) for some j, 1 < j < k. If2<a<c¢; —jthenac fi(A) &
a+j € A. Hence

An{j+2,j+43,....,a0}=Bn{j+2,5+3,...,c1}.

So as fi(A) = f/(B) but A # B, there exist ¢,d € {1,2,...,j+1} such that c€ A
and d € B, say. But since j < k; we have that AN {1,2,...,5+ 1} = {c} and
BN{1,2,...,j+1} = {d}. Thus AA B = {c,d}. O

Proof of Sublemma 2.3.3(1) We have already that

k1
F=(f""E-anu (U (f* (Ds) - {1})>
i=0
is a family of (r — 1)-sets. We have to show that the sets are independent. There
are three cases.

First consider the sets in f¥1 1 (£ — {1}). Let H € f*~1(£). Then there
exists E € £ such that f*~Y(E) = H, and, as & = f(B) N f(C), there also exists
B € B and C € C such that f(B) = f(C) = E. By Sublemma 2.3.2 with j =1, we
know that one of the sets B, C' contains 1 and the other 2, and, by the definition of B
and C, we have that 1 € C,so1 € H and 2 € B. Moreover, CN{c1—k1+1,...,¢1} =
0 so EN{cy —ki,...,c1} = 0. Therefore H N{c; — 2k +1,...,¢c1} = 0. Since
2 € B it follows that EN{2,...,k1 + 1} = 0. It now follows that

Hﬂ({cl—2k1+1,...,cl—k1}u{1,2}):{1}, (17)
and thence that H — {1} € f¥1=1(£ — {1}) is an independent (r — 1)-subset of

V(H ((01 — k’fl),cgz,...,cfs,pk(’)) .

Next suppose that H € f¥1(Dy). Then there exists D € Dy such that H =
f* (D), and, as D € Dy, 1,k; +2 € D. Thus 1 € H and

Hﬁ({cl 72]61 +1,...,Cl 7k1}U{1,...,k’1 +2}) = {1,2} (18)
and so H — {1} is an independent (r — 1)-subset of
V(H ((cl — k)b b ,cl;s,pko)) .

Finally let H € f*1(D;) for some i, 1 < i < ki. Then there exists a D € D,
with H = f* (D), and, as D € D;, ¢1 +1 —i,k; +2 —i € D. Since ky > i > 1,
fF(ky1 +2—1i)=1,s0 1€ H. Therefore

HO({er—i—2ki+1,...,c0— ki yU{L, ... . ki +2—i}) = {e1 —i— ki +1,1}. (19)
Hence H — {1} is an independent (r — 1)-subset of
V(H ((61 - k‘l)kl,cg?, .. ,cl;s,pko)> )
Sublemma 2.3.3 now follows from (17), (18) and (19). O
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Proof of Sublemma 2.3.3(2) To show that these families are pairwise disjoint, we
consider how the members of each family intersect the set {¢; — 2k; +1,...c —
ki} U{2}. Let H € fF1=1(€) — {1}. From (17) we have that

Hn({er =2k +1,...,e1 — k1 } U{2}) = 0.
Next let H € f*1(Dy). From (18) it follows that
Hn({e1 —2k1+1,...,c1 — k1 }U{2}) = {2}.
Finally let H € f*(D;) — {1} for some 4, 1 < i < k;. From (19) we have
HN({e1 —2ki+1,...,c0 — k1 }U{2}) ={en —i — k1 + 1}.

Hence the families are pairwise disjoint. O

Proof of Sublemma 2.3.3(3) Let A, B € F. First suppose that A, B € f* (D;)—{1}
for some i, 0 < i < k;. Then there exist D', D" € D; with A = f*(D’) — {1} and
B=f*(D")—{1}.1fi=0then k+2 € D'ND" and so 2 = fk1(k; +2) € ANB.
If1<i<k thenci+1—ieD'ND",soci+1—i—k € ANB.

Now suppose that A, B € f¥1(£) — {1}. Then there exist E', E” € £ with
A= fB-Y(E)~ {1} and B = f~YE") - {1}. As E',E" € £ = f(B) N f(C), it
follows that there are By € B and C; € C such that f(By) = E' and f(Cy) = E".
As By,C; € A, we have that B; N C; # (). By the definitions of B and C, and by
Sublemma 2.3.2 with j = 1, we have that 1 € C; and 2 € B;. It follows that, for
some j > ky + 3, j € By N C}. Therefore 3 < f*1(j) € AN B.

Next suppose that 0 <i < j < ky and A € f*(D;)—{1} and B € f*(D;) -
{1}. In this case there exist D’ € D; and D" € D; with A = f*(D’) — {1} and
B = fk1(D") — {1}. This implies that D’ N {1,2,...,k; +2} = {k1 +2 — j} and
D" {1,2,... . k1 +2} = {ky +2— i}, where 2 < k; +2 — j < ki +2 — 4. But
D', D" € A which is intersecting, so D'N D" # (). Therefore there is some | > ki +3
with [ € D' D". Then 3 < f*1(l) € AN B.

Finally suppose that A € fF~1 — {1} and B € f¥(D;) — {1}. In this case
there exist D € D; and E € £ with B = f* (D) — {1} and A = f~Y(E) — {1},
and, since £ = f(B)N f(C), there exist By € B and Cy € C such that E = f(B;) =
f(C1). From Sublemma 2.3.2 with j = 1 it follows that 1 € Cy and 2 € By, so
Bin{l,2,....k +2} = {2} and C1 N {1,2,...,k1 + 1} = {1}. Also, from the
definition of D; we have that
{1,k +2}  ifi=0,

(ki +2—4) if1<i<ky.

As By, (1, D are all elements of A, we know that By D and C;ND are both non-
empty. If i = 0 then there exists some j > 2k; 43 such that j € B;ND. Otherwise
we have that 1 < ¢ < kq, and in this case there exists some j; > 2k +2—14+1>
ki + 3 with j € C; N D. Hence 3 < f*1(j) € AN B. O

Dm{1,2,...,k1+2}:{

Proof of Sublemma 2.3.3(4) From Sublemma 2.3.3(1) we know that F is a family
of independent (r — 1)-subsets of V(G ((61 —ky)k, 652, ... ,c’S“S,pkU)). Let F e F
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and consider f(F). Clearly f(F) is an (r — 1)-subset of
V(G ((01 — ki — 1)]“7052, .. .,cés,pk°)> )
We just need to check that f(F) is an independent set. Since F' was an independent
(r — 1)-subset of V(G (((11 — k)R k2 .,cf-g,pk())), the only way that f(F)
could fail to be an independent (r — 1)-subset of
V(G ((01 — k= 1)k b ,cfS,pk‘)))
is if F' contains one of the following pairs of elements:
(Cl — 2k1 —+ 1, 2), (01 — 2]€1 + 2, 3), ey (Cl — kl, kl + 1), (]., kl + 2)

The vertex 1 has been removed from every set in F so the last pair (1,k; + 2)
cannot be contained in F. If FF € fF~1(€) — {1} then by (17) (as the H there is
in fE=1(€)) it follows that

Fﬂ{cl—2k‘1+1,...,cl—k;1}:®.

This also follows from (18) if F' € f¥1(Dgy) — {1} (as the H in (19) is in f*1(Dy)).
It remains to check what happens if F' € f¥(D;) — 1 for some i, 1 < i < ky. In
this case it follows from (18) that

Fﬂ({cl72]€1+1,...,Cl71€1}U{1,...,k1+272‘}):{lel.fk'1+].} (20)

(as the G in (18) is in f¥1(D;)). Note that all pairs of vertices in the list other
than the excluded pair (1,%k; + 2) are of the form (¢1 — 2k1 + 4,7 + 1). Since we
have ¢; — k1 —i+1 =¢ — 2k + (k1 —i+ 1) € F it follows from (20) that
(k1—i+1)+1=k —i+2¢ F. Thus F cannot contain any of the pairs of vertices
in the list. O

Proof of Sublemma 2.3.4 To prove this we let
A=1" (G (c’fl,cgz, . ,cfS,pkU))

and follow the line of reasoning in the induction step in the proof of Lemma 2.3.
We may suppose here that the end-vertex a of the path is the vertex n.
From the definitions of B and C it follows that

FB)UF©) =T (G ((er = 1B e,k p) )
so that (3) holds with equality. We therefore have that
/A (G (((31 — 1)k b .,cfs,p’w))’ + €]

so that (4) holds with equality.

B] + €| =
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Since A is partitioned into B,C, Dy, ..., Dy, it follows that

7" (G (c]fl,cg?,...,c’;S,pkU)>’
70 (G (= Do) )| = e+ 2 Dd o)
= |Z], by (7),
= [f(F)], by (8).
From Sublemma 2.3.3(4) we know that f(F) is a family of independent (r — 1)-
subsets of V(G ((01 — k= 1)k b clga‘,pko)). Since f(F) is a subfamily of
fFtL(A), it follows that every independent (r — 1)-set in f(F) contains the end-
vertex of P¥o_ and thus in I((fl) (G ((c1 —ky — 1)k, 012“2, e cfs,pko)) it follows
that

FANSTED (G (e =k = D, dbpho) ). (22)

For a family G of subsets of {1,2,...,n}, let G+{i} denote the family {GU{i} :
G e g},

Now consider the “reverse” map f~*1+D : {12 .. n—k —1} — {k +
2,...,n} given by f~( 1+ (5) = k; +1+4. Under this map the independent (r—1)-
sets in L(ffl) G ((01 — ki — l)kl,CSQ, .. .,cfﬁ,pko)) are taken to &' U Zf;o ’
where £'U{2} C B, &'U{1} CC (and f(&') CE—{1}) and D +{k1+2—i} C D;
(1 <i<kp)and Di+ {1} C Dy. Let us describe this in more detail. Consider an
independent (r — 1)-set S in 7Y (G’ ((01 — k= 1) b cfS,pko)).

(a) If S contains the vertex 1 (so does not contain any vertex in {c; — 2k, ¢; —
2k1 +1,...,¢1 — ki — 1}), then f~(*1+1(S) contains the vertex k; + 2 and

does not contain any of the vertices in {¢; — k1 +1,...,c1}U{L, ... k1 +1}.
We let

Dy = {f_(k1+1)(5) :1€ S and
S e ICST_I) (G ((cl — Kk — 1)’“1,0527...,0’;57]9’“0))};

then D{ U {1} C Dy.

(b) If S contains a vertex ¢; —ky —i for some ¢, 1 <14 < k; (and so does not contain
any vertex in the set {¢; — k1 —i+1,...,c1 — k1 —1}U{1,2,... k1 +1—14},
then f~(F1+1)(8) contains the vertex ¢; — 4 + 1 and does not contain any of
the vertices in {¢1 —i+2,...,c1}U{1,2,...,2k; +2—4}. For 1 <i < ky, we
let

Dl = {f*(’““)(S) 1 — ki —i€ S and
Sez{Y (G ((01 —ky — l)kl,cgg,...,clgs7pk°))};

then D} + {k1 +2 —i} C D;.
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(¢) If S contains no vertex from the set {¢; — 2ky,...,¢1 — k1 — 1} U {1}, then
f~ 41 (8) contains no vertex from the set {c;—ky+1,...,c1 JU{1,2,... ki +
2}. We let

&= {f*“““)(S) SN ({er— 2k, e — k1 —1}U{1}) = 0 and

Sez{Y (G ((cl — k1 — l)kl,cl;Q,...,clgs,pkO))}.
Then &' U {2} C Band & U{1} CC, so & C E£. It follows that

k1
200 (6 (e =k = 0P e o)) | 1€+ 01D (23)
i=0
The family &' U Zfio D} has the properties that
k}l kl
E'1+ D IDI < €[+ D D] = |F| = |f(F)I.

i=0 i=0
It therefore follows from (22) and (23) that

) = |20 (G (e =k = )P b p) ) (24)
The equality we wish for now follows from (21) and (24). O

4. Final remarks

There are a number of operations which can be used to obtain new r-EKR. graphs
from old. The first is described by the following lemma of Holroyd, Spencer and
Talbot [11]. Let N(v) denote the neighbourhood of v, that is N(v) = {w : w €
V(G) and vw € E(G)}.
Lemma 4.1. Let G be an r-EKR graph with a star centre v. If S C N(v) then
G — S is also r-EKR with a star centre v.

By applying this to the graph G(c]f1 , cgz, ..., cks pFo) in the case where p >
ko +2 and S = N(n) (n being the end vertex of the path P), we obtain the
following theorem.

Theorem 4.2. Let s > 0,p>1 andc; > 2 (1 <i<s). Let G be a graph consisting
of cycles 1C,2C, ..., sC raised to the powers ki, ko ..., ks respectively, a path P
raised to the power ko, and an isolated vertex. Let ¢; = |V (;C)| (1 <i < s) and
p=|V(P)|+ ko + 1. Also let

S CZ p
1<r< :
_r_;{kﬂrleL[koJrJ

min (w(1C*),w(2C*2), ..., w(,C")) > ko + 1.
Then G is r-EKR with the isolated vertex w as star centre.

Let
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It is worth remarking that in a similar vein Holroyd, Spencer and Talbot in

[11] showed that if G is a graph with ¢ components being paths, cycles, complete
graphs, and at least one isolated vertex, and if ¢ > 2r, then G is r-EKR.

Finally we make two further comments.

. If w € N(v*), where v* is a star centre of an m-EKR graph G, then it is clear
that the addition of any edge wv produces a further graph that is r-EKR
with star centre v*.

. If G is an r-EKR graph, then we can introduce a further vertex w and join
it to each vertex of GG, and by this means produce a further r-EKR, graph.
Conversely, if G is an r-EKR graph, and G contains a vertex w which is
joined to all other vertices, then G — w is also -EKR.
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