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! ƳŀǘƘŜƳŀǘƛŎƛŀƴΩǎ ƳƛǎŎŜƭƭŀƴȅΣ ŀƴŘ ŀƴ ŀǇƻƭƻƎȅ 

Paul Glaister 

Throughout my career I have been very fortunate to be able to work on many interesting problems in 

mathematics, some of which have appeared in the public domain in the form of publications (438 at the 

time of writing!) in journals etc.1 

The three main areas of study I have pursued are: 

a numerical analysis and computational fluid dynamics, including the development and analysis of 

numerical schemes for the solution of problems arising in applied mathematics; 

b mathematics and science education, at both school and university, and the school-university 

interface; 

c teaching and learning, primarily in higher education. 

If there is any impact of this work it is, in part, indicated by the numbers of citations of my work by other 

authors, referencing and using this work, e.g. on Google Scholar2 I have been cited 1326 times and on 

Mendeley3 there have been 16678 downloads of a subset of my publications which are in the 

ScienceDirect4 database and made available through Scopus5. 

The impact of work in areas (b) and (c) is mainly through a national and international audience of 

mathematics and science education practitioners in schools, colleges and universities, using my work for 

enhancement, enrichment and hopefully enjoyment. 

In the categories in (a) authors of the 12 most recent papers citing my work have been working on: 

¶ sea wave energy using an oscillating water column as an alternative, renewable energy source, 

which is sustainable and with no impact on environmental pollution; 

¶ a finite volume scheme for the solution of a multi-component gas flow model in a pipe on non-flat 

topography; 

¶ development of an in vitro methodology capable of use in commercial testing laboratories for 

measuring the human ingestion bioaccessibility of polyaromatic hydrocarbons (PAHs) in soil; 

¶ an explicit homogeneous conservative quasi-acoustic scheme for the numerical solution of one-

dimensional shallow-water equations with an uneven bottom 

¶ monotone, second-order accurate numerical scheme is presented for solving the differential form 

of the adjoint shallow-water equations in generalized two-dimensional coordinates; 

¶ air-water interactions within storm water systems during rapid inflow conditions; 

¶ verification, validation and uncertainty quantification in thermal-hydraulics analysis; 

¶ implicit second-order accurate spatial scheme for steady-state thermal-hydraulic simulations of the 

two-phase two-fluid six-equation model for use in the nuclear energy industry; 

¶ le Châtelier's Principle applied to model Strong Acid-Strong Base titrations; 

¶ continuous adjoint method for steady-state two-phase flow simulations; 

¶ compressible flow at high pressure with a linear equation of state; 

                                                           
1 http://centaur.reading.ac.uk/view/creators/90000233.html 
2 https://scholar.google.co.uk/citations?user=qV1BwAEAAAAJ&hl=en 
3 https://www.mendeley.com/profiles/paul-glaister/stats/ 
4 https://www.sciencedirect.com/search?authors=glaister%20p&show=25&sortBy=relevance 
55 https://www.scopus.com/authid/detail.uri?authorId=7003342589 

http://centaur.reading.ac.uk/view/creators/90000233.html
https://scholar.google.co.uk/citations?user=qV1BwAEAAAAJ&hl=en
https://www.mendeley.com/profiles/paul-glaister/stats/
https://www.sciencedirect.com/search?authors=glaister%20p&show=25&sortBy=relevance
https://www.scopus.com/authid/detail.uri?authorId=7003342589
http://centaur.reading.ac.uk/view/creators/90000233.html
https://scholar.google.co.uk/citations?user=qV1BwAEAAAAJ&hl=en
https://www.mendeley.com/profiles/paul-glaister/stats/
https://www.sciencedirect.com/search?authors=glaister%20p&show=25&sortBy=relevance
https://www.scopus.com/authid/detail.uri?authorId=7003342589
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¶ coexistence of two important communication techniques, non-orthogonal multiple access (NOMA - 

a key enabling technology in next-generation wireless networks due to its superior spectral 

efficiency) and mobile edge computing (MEC). 

some of which refer to work I did more than 30 years ago! 

Of all the areas I have worked on, though, some of the most enjoyable and memorable pursuits have been 

when posing, and exploring, a variety of mathematical problems that lend themselves to relatively 

elementary mathematics and which are accessible to students in schools and colleges. Having said that, I 

discovered recently that the one at the very bottom of the list above on wireless technology uses some 

results I have included later and which are accessible to (mainly) A level students, although there are a 

couple which are very relevant for Core Maths students. The last problem is the most challenging of them 

all ς you have been warned! 

I have decided to put this document together to share some of this miscellany of problems, all taken from 

category (b) above, including some of the findings in them. This is also an apology, and all in the spirit of the 

infamous and prestigious mathematicians and collaborators G H Hardy6 and J E Littlewood7, but at a 

somewhat more modest level! 

I believe all the ideas are accessible to many pre-university students, in contrast to many of my other 

publications that are most definitely not, although clearly some researchers have made good use of those 

too! 

I hope you and your students enjoy exploring at least some of the ideas here. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

For further details about my background and interests please see my website8, bio9 and CV10. 

                                                           
6 https://www.amazon.co.uk/Mathematicians-Apology-G-H-Hardy/dp/1466402695 
7 https://www.amazon.co.uk/Littlewoods-Miscellany-John-Littlewood/dp/052133702X 
8 https://www.paulglaister.org/ 
9 https://www.paulglaister.org/about-bio/ 
10 http://www.personal.reading.ac.uk/~smsglais/CV_Paul_Glaister.htm 

https://www.amazon.co.uk/Mathematicians-Apology-G-H-Hardy/dp/1466402695
https://www.amazon.co.uk/Littlewoods-Miscellany-John-Littlewood/dp/052133702X
https://www.paulglaister.org/
https://www.paulglaister.org/about-bio/
http://www.personal.reading.ac.uk/~smsglais/CV_Paul_Glaister.htm
https://www.amazon.co.uk/Mathematicians-Apology-G-H-Hardy/dp/1466402695
https://www.amazon.co.uk/Littlewoods-Miscellany-John-Littlewood/dp/052133702X
https://www.paulglaister.org/
https://www.paulglaister.org/about-bio/
http://www.personal.reading.ac.uk/~smsglais/CV_Paul_Glaister.htm
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An alternative projectile problem 

Consider a cylindrical vessel which is filled to a height h . A hole is drilled in the vessel so the water spurts 
out, as shown. 

 

Assuming the height of the water is kept fixed (by having a source flowing into it), determine: 

¶ the equation for the path of water (the trajectory); 

¶ the distance from the base of the vessel where the water lands, and the height of the hole for 
which this distance is greatest; 

¶ the distance travelled by the water (the length of the trajectory), and the height of hole for which 
this distance is greatest; and 

¶ ǘƘŜ ΨŜƴǾŜƭƻǇŜΩ ƻŦ ŀƭƭ ǎǳŎƘ ǘǊŀƧŜŎǘƻǊƛŜǎ όǎƘƻǿƴ ƛƴ ǘƘŜ ŦƛƎǳǊŜύΣ ǿƘŜǊŜ Ǉƻƛƴǘǎ ΨŀōƻǾŜΩ ǘƘƛǎ ǿƛƭƭ ƴot get 
ǿŜǘΣ ƛΦŜ ǘƘŜ ΨŎǳǊǾŜ ƻŦ ǎŀŦŜǘȅΩΦ 

 

Lǘ ƛǎ ǇƻǎǎƛōƭŜ ǘƻ ǿƛǘƴŜǎǎ ǘƘƛǎ ƛƴ ǇǊŀŎǘƛŎŜ ōȅ ƘƻƭŘƛƴƎ ŀƴ ΨƻǎŎƛƭƭŀǘƛƴƎ ǿŀǘŜǊ ǎǇǊƛƴƪƭŜǊ όǎƘƻǿƴ ōŜƭƻǿύ ƛƴ a vertical 
position. 
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Note that the direction of the initial velocity of the water as it leaves the vessel will be horizontal. The 
magnitude of the velocity - the speed - ƛǎ ŘŜǘŜǊƳƛƴŜŘ ōȅ ¢ƻǊƛŎŜƭƭƛΩǎ ǘƘŜƻǊŜƳ ǿƘƛŎƘ ǎŀȅǎ ǘƘŀǘ ǘƘƛǎ ǎǇŜŜŘ ǿƛƭƭ 
be determined by conservation of energy of a drop of water falling freely under gravity from rest at the 
surface of the water in the vessel. 

How do the results above change if air resistance is taken into account? 
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Arithmetic progressions in number sequences 

Noting that: 

4 5 6 7 8

9 10 11 12 13 14 15

+ + = +

+ + + = + +
 . 

What other instances are there of these relationships? 

In general we have that: 

2 2 2

2 2 2

( 1) (( 1) 1) (( 1) ( 1))

(( 1) ) (( 1) 1) (( 1) 2 2) , 2,3,

n n n n

n n n n n n n

- + - + + + - + -

= - + + - + + + + - + - =
 . 

What about sums of squares? 

We have 

2 2 2 2 2

2 2 2 2 2 2 2

10 11 12 13 14

21 22 23 24 25 26 27

+ + = +

+ + + = + +
 . 

In general we have that: 

( ) ( ) ( )

( ) ( ) ( )

2 2 2

2 2 2

(2 1)( 1) (2 1)( 1) 1 (2 1)( 1) 1

(2 1)( 1) (2 1)( 1) 1 (2 1)( 1) 2 2 , 2,3,

n n n n n n n

n n n n n n n n n n

- - + - - + + + - - + -

= - - + + - - + + + + - - + - =
. 

For example with 2n=  and 5n=  we have 

2 2 23 4 5+ =  and 2 2 2 2 2 2 2 2 236 37 38 39 40 41 42 43 44+ + + + = + + + . 
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Cake cutting 

Where should I cut a circular cake so that each piece is of equal size? 

Here is what it would like for 8 pieces of cake in the shape of a cylinder: 

 

which can easily be verified with the addition of a grid: 

 

and counting the squares. 

Work out where the cake needs to be cut when more than two pieces of equal size (i.e. volume of cake) are 
required. 
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Candle divisions 

An Advent candle has divisions marked for each day in the lead up to Christmas and ideally (assuming a 
constant rate of burning of the wax by volume) we would want the candle burning for the same length of 
time each day until the next division is reached. 

The divisions will be equally-spaced if the candle is cylindrical, as shown: 

 

but some candles are more interesting in shape, so where should the divisions be placed if the candle is a 
truncated square-based or circle-based (i.e a cone) pyramid shown on the left? 

       

Or maybe curved in shape, say in the form of a logarithmic/exponential function shown on the right? 
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Card shuffling for beginners 

If you take a standard pack of 52 cards, ordered as follows: 

2 3 4 5 6 7 8 9 10 J Q K A 2 3 4 5 6 7 8 9 10 J Q K A 2 3 4 5 6 7 8 9 10 J Q K A 2 3 4 5 6 7 8 9 10 J Q K A  

and place them in 4 piles, as shown: 

2  2  2  2  

3  3  3  3  

4  4  4  4  

5  5  5  5  

6  6  6  6  

7  7  7  7  

8  8  8  8  

9  9  9  9  

10  10  10  10  

J  J  J  J  

Q  Q  Q  Q  

K  K  K  K  

A  A  A  A  
 

ǘƘŜƴ ŀƴ Ψƻǳǘ ǊƛŦŦƭŜ ǎƘǳŦŦƭŜΩ ǘŀƪŜǎ ǘƘŜ ǘƻǇ ŎŀǊŘ ŦǊƻƳ ŜŀŎƘ ǇƛƭŜΣ ǿƻǊƪƛƴƎ ŦǊƻƳ ƭŜŦǘ ǘƻ ǊƛƎƘǘΣ ŀƴŘ ǘƘŜƴ ōŀŎƪ ǘƻ ǘƘŜ 

left hand pile, continuing in the same way until all 52 cards have been collected. If you place them again in 

4 piles then this is what you will get: 

2  5  8  J  

2  5  8  Q  

2  5  9  Q  

2  6  9  Q  

3  6  9  Q  

3  6  9  K  

3  6  10  K  

3  7  10  K  

4  7  10  K  

4  7  10  A  

4  7  J  A  

4  8  J  A  

5  8  J  A  
 

Further out riffle shuffles continue in the same way. 

How many out riffle shuffles are needed before the pack is restored to its original order? 

!ƴ Ψƛƴ ǊƛŦŦƭŜ ǎƘǳŦŦƭŜΩ ǘŀƪŜǎ ǘƘŜ ǘƻǇ ŎŀǊŘ ŦǊƻƳ ŜŀŎƘ ǇƛƭŜΣ ǿƻǊƪƛƴƎ ŦǊƻƳ right to left instead, and then back to 

the right hand pile, continuing in the same way until all 52 cards have been collected. 

How many in riffle shuffles are needed before the pack is restored to its original order? 

What happens with 13 piles of 4 cards (so each pile starts off with the same denomination as shown below: 
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2  3  4  5  6  7  8  9  10  J  Q  K  A  

2  3  4  5  6  7  8  9  10  J  Q  K  A  

2  3  4  5  6  7  8  9  10  J  Q  K  A  

2  3  4  5  6  7  8  9  10  J  Q  K  A  
 

How many out and in riffle shuffles are needed before the pack is restored to its original order? 

What about 2 piles of 26 cards, or 26 piles of 2 cards, and so on? 

What about packs of different numbers of cards? 

There is some very interesting mathematics associated with this problem. Students could also investigate 

this by using technology to explore further. 

For the examples quoted above the numbers of riffle shuffles required to restore the pack to its original 

order are shown: 

n piles of m cards out riffle shuffles in riffle shuffles 

4 13 4 26 

13 4 4 13 

2 26 8 52 

26 2 8 52 

 

The pairings of results for out riffle shuffles is no coincidence and is related to the following: 

What do you notice in the following tables? 

k 1 2 3 4 5 6 7 8 9 10 11 12 

2k (mod 5) 2 4 3 1 2 4 3 1 2 4 3 1 

3k (mod 5) 3 4 2 1 3 4 2 1 3 4 2 1 
 

k 1 2 3 4 5 6 7 8 9 10 11 12 

2k (mod 9) 2 4 8 7 5 1 2 4 8 7 5 1 

5k (mod 9) 5 7 8 4 2 1 5 7 8 4 2 1 
 

The general result is { } { }: 1mod ( 1) : 1mod ( 1)k kk n nm k m nm¹ - = ¹ -. The least number of out riffle 

shuffles to restore a pack of nm cards placed in n  piles each of m  cards to its original order is the least 

value of k  for which 1mod ( 1)kn nm¹ -. [Note 13 44 13 mod 51¹ .] 

One interesting example is with 24 cards where: 11 11 11 11 11 112 3 4 6 8 12 1mod 23= = = = = = , and 11 is 

the least integer for which each of these occur. Thus the least number of out riffle shuffles to restore a pack 

of 24 to its original order using 2,3,4,6,8,12 piles each of 12,8,6,4,3,2 cards, respectively, is 11, 

regardless of the division. This would be a good starting point for investigating this problem using, say, just: 

A 2 3 4 5 6     A 2 3 4 5 6     A 2 3 4 5 6    A 2 3 4 5 6  
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Centres of mass 

Consider the centre of mass of objects comprising a truncated hollow cone with a base but open at the top 
and made of uniform material. 

Suppose the radius of the base is fixed, with a value of r , say, and the height, h , is also fixed, how does the 

height of the centre of mass vary with the radius, R , of the (open) top? 

 

The figure shows the graph of the height of the centre of mass above the base, ( )y R , as a function of R  in 

the case 1, 0 3r h= = Ö, showing how this varies, and that there could be three such objects with the same 

location of centre of mass. 

 

The figure: 

 

shows one example of this, corresponding to the solid line in the figure above. 

Another example, corresponding to the dotted line in the figure above, is shown: 
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If we increase the height to, say, 0 5h= Ö, then this situation doesƴΩǘ ƻŎŎǳǊΣ ōǳǘ ǿŜ ǎŜŜ ǘƘŀǘ ǘƘŜ ƎǊŀǇƘ Ƙŀǎ 

two oblique points of inflexion: 

 

Now consider the alternative problem where the radius of the base is again fixed, say 1r = , and instead of 

h  being fixed it is the (slant) height, l , that is fixed, say 1l = . 

How does the height of the centre of mass vary with the radius, R , of the (open) top in this case? 

The figure shows the variation in the location of the centre of mass: 

 

Show that the maximum height can be found from the solution of a cubic equation which has one and only 

one real root in the interval (0,2)RÍ . 
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A collapsing arctan series? 

Here is an example of a series which ŘƻŜǎƴΩǘΣ ƻƴ ǘƘŜ ŦŀŎŜ ƻŦ ƛǘΣ ŀǇǇŜŀǊ ǘƻ ōŜ ƻƴŜ ǿƘƛŎƘ ΨŎƻƭƭŀǇǎŜǎΩΥ 

1 1 1 1 1 1 1 1

2
1

1 1 1 1 1 1 1 1
tan tan tan tan tan tan tan tan

3 7 13 21 31 43 57 1n n n

¤
- - - - - - - -

=

å õ
+ + + + + + + =æ ö

+ +ç ÷
ä  . 

Using appropriate technology multiply the partial sums: 

1 1
tan

3

- , 1 11 1
tan tan

3 7

- -+ , 1 1 11 1 1
tan tan tan

3 7 13

- - -+ + Σ Χ 

by 4  to see if you can guess what the sum is. 

/ŀƴ ȅƻǳ ǇǊƻǾŜ ȅƻǳǊ ƎǳŜǎǎ ǳǎƛƴƎ ǘƘŜ ΨŎƻƭƭŀǇǎƛƴƎ ǎŜǊƛŜǎΩ ƛŘŜŀΚ 
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Dynamical earrings - 24 carat mathematics 

The earring shown is formed of a circular disk with a hole cut out. Have you ever observed earrings like this 
oscillating when worn? The frequency of oscillation will depend on the position of the centre of mass. 

 

Determine the location of the centre of mass of the earring shown, and work out the ratio 
a

b
 of the radii 

when the centre of mass is at the edge of the cut out disk, which is the case for the earring shown below: 

 

(The solution is 1
2
(1 5) 1 618

a

b
= + º Ö, the Golden Ratio!). 
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Equicentric patterns 

With two concentric circles shown, what is the locus of all points that are equidistant from these? 

 

Clearly the solution is a further concentric circle, as shown: 

 

What is the locus of all points equidistant from the two concentric (same centre) squares shown? 

 

This time the solution is less obvious. 

 

We say that the locus shown, comprising four line segments and four arcs of circles, is equicentric (equal 
distance and same centre) to the two squares. 
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What is the curve that is equicentric to the new locus and the original squares? 

With the arcs of circles shown this suggests the problem of determining the curve that is equicentric to the 
circle and square that are concentric: 

 

 

 

 

 

 

 

For the left hand pair, successive equicentric curves are shown 

 

What are the equations of these curves? 

Returning to concentric circles: 

 

what happens to the equicentric curve ς the middle-sized circle ς when the circles are no longer concentric: 
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? 

What is the shape of the equicentric curve: 

? 

What happens when the circles are separated so the smaller one is no longer inside the larger one: 

? 

What is the equation of the new equicentric curve? 

What about when the circles intersect 

? 
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What is the equicentric curve this time: 

? 

Is this the complete picture for this case? 
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Fermi estimation and Brexit 

This is particularly relevant to Core Maths. 

CŜǊƳƛ ŜǎǘƛƳŀǘŜǎ ƻǊ ΨōŀŎƪ ƻŦ ŀƴ ŜƴǾŜƭƻǇŜΩ ŎŀƭŎǳƭŀǘƛƻƴǎ ŀǊŜ ƻŦǘŜƴ ǳǎŜŘ ǘƻ ǘŜǎǘ ǉǳƛŎƪƭȅ ŀƴŘ ƛƴŦƻǊƳŀƭƭȅ ǘƘŜ 
accuracy of statements which are made in the press. These calculations can often save time and money for 
both individuals and for companies (see [1], for example). 

The concept and use of Fermi estimation has increased in popularity in a very significant way in Post 16 

mathematics in England through the introduction of the new Core Maths qualifications, all of which feature 

Fermi estimation. 

An example where, arguably, the stakes could not be higher can be found in the archives of the Treasury 

Select Committee from 23 May 2018. 

Appearing before the Committee to give evidence were the Chief Executive & Permanent Secretary, Jon 

Thompson, and the Deputy Chief Executive & Second Permanent Secretary, Jim Harra, at HM Revenue and 

Customs (HMRC). 

¢ƘŜ ǎǳōƧŜŎǘ ƻŦ ǘƘŜ ǇŀǊƭƛŀƳŜƴǘŀǊȅ ǎŜǎǎƛƻƴ ǿŀǎ Ψ¢ƘŜ ¦Yϥǎ ŜŎƻƴƻƳƛŎ ǊŜƭŀǘƛƻƴǎƘƛǇ ǿƛǘƘ ǘƘŜ 9ǳǊƻǇŜŀƴ ¦ƴƛƻƴΩ 

and concerned the two options for a customs plan after Brexit: (i) ΨƳŀȄƛƳǳƳ ŦŀŎƛƭƛǘŀǘƛƻƴΩ όǎƻ-ŎŀƭƭŜŘ ΨƳŀȄ 

ŦŀŎΩ ǿƘƛŎƘ ǎŜŜƪǎ ǘƻ ǳǎŜ ǘŜŎƘƴƻƭƻƎȅ ǘƻ ŀǾƻƛŘ ŀ ƘŀǊŘ ōƻǊŘŜǊύ ŀƴŘ όƛƛύ ΨŎǳǎǘƻƳǎ ǇŀǊǘƴŜǊǎƘƛǇΩ ǳƴŘŜǊ ǿƘƛŎƘ 

Britain would remain part of the EU customs area and collect tariffs on behalf of the EU. 

The senior civil servants outlined the relative likely costs of these alternative options which could form an 

ideal starter to a lesson on Fermi estimation. The relevant extract from the session can be accessed via the 

links in [2]. 

References 
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20849bad75e8?in=14:54:50&out=14:59:05 (Start Time: 14:54:50; End Time 14:59:05) or 
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Fibonacci and Fermat meet Pell and Pythagoras 

The series 

2 3 , 1 1t t t t+ + + - < < 

is a positive integer whenever 
1

n
t

n
=
+

 for some positive integer n , e.g. 

() ()
2 3

1 1 1
2 2 2

1+ + + =   and () ()
2 3

2 2 2
3 3 3

2+ + + = 

since the sum is 
1

t

t-
. 

But what about if we multiply the terms in the series by the Fibonacci numbers 1,1,2,3,5,8, , i.e. 

2 3

1 2 2Ft F t F t+ + +   ? 

Here we need to show that the sum is 
21

t

t t- -
 and then seek values of t  for which this is a positive 

integer (Note that the series only converges for 1 1
2 2
( 5 1) ( 5 1)t- - < < -.) 

Along the way you will use the Pythagorean triples 2 2 2 2, 2 ,m n mn m n- + , where 1m n> ² are positive 

integers. 

You will also need to consider solutions of the Fermat-Pell equation 2 25 4x y- = for positive integers 

,x y . For this try the first few values 1,2,y=  to see which ones give a solution where 25 4y +  is a 

perfect square. 

You should find that the first three solutions are 

() ()
2 3

1 1 1
1 2 32 2 2

2F F F+ + + = 

() ()
2 3

3 3 3
1 2 35 5 5

15F F F+ + + = 

() ()
2 3

8 8 8
1 2 313 13 13

104F F F+ + + = . 

What do you notice? 

In general the only solutions to the posed problem are 

( ) ( ) ( )2 2 2

2 1 2 1 2 1

2 3

1 2 3 2 2 1, 1,2,i i i

i i i

F F F

i iF F F
F F F F F i

+ + + ++ + + = =  

(Note that the results here are related to the result that a positive integer n  is a Fibonacci number if and 

only if either 
25 4n +  or 

25 4n -  is a perfect square.) 
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Fibonacci, Freddie and Fermat the frog 

Freddie the frog is heading towards his pond and travels 1
2

 metre on his first jump but only half this 

distance on his second, and so on, so that in all subsequent jumps he travels a distance which is one half 
that of his previous jump. This means that the total distance he travels is 

1 1 1
2 4 8

1S= + + + = . 

Freddie likes to experiment with other jumps, and by multiplying each of his individual jumps by 1 2 3, , ,...  

he notices that he travels twice the distance, since 

1 1 1
2 4 8

1 2 3 2P= ³ + ³ + ³ + = 

i.e. 

1
2

1
4

1
8

1
2

1
4

1
8

1 2 3 2³+ ³ + ³+ = + + +? ?b g . 

When Fibonacci passes by he asks what would happen if instead he multiplied each of the individual steps 
by his numbers: 1 1 2 3 5 8 13 21, , , , , , , ,?. 

So what is the distance he travels? This is the same as the last case since 

1 1 1
1 2 32 4 8

2T F F F= + + + = 

so 

( )1 1 1 1 1 1 1 1 1
1 2 32 4 8 2 4 8 2 4 8

2 1 2 3F F F+ + + = + + + = ³ + ³ + ³ + . 

With the tribonacci sequence, namely 1 1 1 3 5 9 17 31, , , , , , , ,? , we get 

( )1 1 1 1 1 1
1 2 32 4 8 2 4 8

3 3G G G+ + + = + + + = . 

What about jumping forwards and backwards? This time 

1 1 1 4
1 2 3 42 4 8 5

U F F F F= - + - + = 

and 

1 1 1
1 2 3 42 4 8

2 3 4V F F F F= - + - + 

as well, i.e. 

F F F F F F F F1
1
2 2

1
4 3

1
8 4 1

1
2 2

1
4 3

1
8 42 3 4- + - + = - + - +? ?  . 

What about 

W F F F= + + +1
2 1

1
4 2

1
8 32 3 ?  ? 

Here 10W=  and thus 
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5 2 3 5 1 2 31
2 1

1
4 2

1
8 3

1
2 1

1
4 2

1
8 3

1
2

1
4

1
8

F F F F F F+ + + = + + + = ³+ ³ + ³ +? ? ?b g b g . 

Then Fermat turns up and asks them to try: 

F F F2
1
2 3

1
4 42 3- + -?   . 

Where does this get them? 

(Nowhere!) 
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Forget series (sums), try products with technology 

Technology is good for experimenting with finite series (or sums). Common examples being the arithmetic 
progression 

1 2 3 n+ + + + whose sum is 1
2

( 1)n n+  , 

the geometric progression 

2 11 2 2 2n-+ + + + whose sum is 2 1n-  . 

Sums of squares, cubes, alternating series, etc. Even Fibonacci numbers defined by 2 1n n nF F F+ += + , where 

1 2 1F F= =, i.e. the sequence 1,1,2,3,5,8, ,) can also be found 

2 2 2 2 1
6

1 2 3 ( 1)(2 1)n n n n+ + + + = + + 

3 3 3 3 2 21
4

1 2 3 ( 1)n n n+ + + + = + . 

Even Fibonacci numbers defined by 2 1n n nF F F+ += + , where 1 2 1F F= =, i.e. the sequence 1,1,2,3,5,8,  

can also be investigated (the sum of each is not given as that is your challenge to find them! 

1 2 nF F F+ + + 

1 3 2 1nF F F -+ + +  

2 4 2nF F F+ + +  

1

1 2 ( 1)n

nF F F-- + + -  

1

1 3 2 1( 1)n

nF F F- -- + + -  

1 2 3 4 2 1 2n nF F F F F F-+ + +  

1 2 3 4 2 2 1n nF F F F F F ++ + +  

3 6 3nF F F+ + +  

You can also try the same with the Lucas numbers which are like the Fibonacci numbers but start with 1,3: 

2 1n n nL L L+ += + , where 1 21, 3L L= =, i.e. the sequence 1,3,4,7,11,18, . In this case also try the 

product: 

2 4 2nL L L  . 

The extension to infinite series, and their possible convergence, by looking at the limit of a finite series can 
also be profitably explored using a spreadsheet or similar technology. 

Examples here could be the geometric progression 
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2

1 1 1
1

2 2 2n
+ + + + which converges to 2  as n­¤ 

2 2 2

1 1 1
1

2 3 n
+ + + + which converges to 

2

6

p
 as n­¤ 

1

2 2 2

1 1 1
1 ( 1)

2 3

n

n

-- + - + -  which converges to 
2

12

p
 as n­¤ 

11 1 1
1 ( 1)

2 3

n

n

-- + - + -  which converges to ln 2  as n­¤ 

11 1 1
1 ( 1)

3 5 2 1

n

n

-- + - + -
-

 which converges to 
4

p
 as n­¤ 

or the divergence of the harmonic series 

1 1 1
1

2 3 n
+ + + + 

where for any given positive number x  there is a value of n  for which this sum is larger than x . 

For a finite series one looks at a selection of values of n ; for an infinite series one looks at the 
corresponding finite series and continues to add more terms, hopefully getting closer to a fixed value - the 
limit. 

There are also many opportunities to experiment with finite and infinite products (one of which we have 

mentioned above: 2 4 2nL L L ). 

Starting with 

2 2 2 2

1 1 1 1
1 1 1 1

2 3 4 n

å õå õå õ å õ
- - - -æ öæ öæ ö æ ö
ç ÷ç ÷ç ÷ ç ÷

 

what do you notice as n  increases? This converges to 
1

2
 as n­¤. Can you prove this? It is quite 

ǎǘǊŀƛƎƘǘŦƻǊǿŀǊŘ όǘƘŜ ΨŘƛŦŦŜǊŜƴŎŜ ƻŦ ǘǿƻ ǎǉǳŀǊŜǎΩ ƛǎ ǉǳƛǘŜ ǳǎŜŦǳƭ ƘŜǊŜΦύ ²Ŝ ǿƛƭƭ ŀǎǎǳƳŜ ǘƘŀǘ ǘƘƛǎ ǊŜǎǳƭǘ Ƙŀǎ 
been proved. 

Now try: 

2 2 2 2

1 1 1 1
1 1 1 1

3 5 7 (2 1)n

å õå õå õå õ
- - - -æ öæ öæ öæ ö

+ç ÷ç ÷ç ÷ç ÷
 

Can you guess what this converges to as n­¤? 

The answer is 
4

p
, but how could we prove this? 

To explore this we first note that: 
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2 2 2 2

2 2 2 2

2 2

2 2 2 2

1 1 1 1 1
1 1 1 1

2 2 3 4 5

1 1 1 1
1 1 1 1

2 4 3 5

(1 2) (1 2) 1 1
1 1 1 1

1 2 3 5

å õå õå õå õ
= - - - -æ öæ öæ öæ ö
ç ÷ç ÷ç ÷ç ÷

è øè øå õå õ å õå õ
= - - - -æ öæ ö æ öæ öé ùé ù
ç ÷ç ÷ ç ÷ç ÷ê úê ú

è øå õå õè øå õå õ
= - - - -é ùæ öæ öæ öæ öé ù

ç ÷ç ÷ê úç ÷ç ÷ê ú

    (*) 

so if we could calculate 

2 2

2 2

(1 2) (1 2)
1 1

1 2

å õå õ
- -æ öæ ö
ç ÷ç ÷

 

then the result above would tell us what 
2 2 2

1 1 1
1 1 1

3 5 7

å õå õå õ
- - -æ öæ öæ ö
ç ÷ç ÷ç ÷

 is. 

Define 

2 2

2 2
( ) 1 1

1 2

x x
f x

å õå õ
= - -æ öæ ö
ç ÷ç ÷

 

we see that (1 2)f  is the product we would need to be able to determine the product we are seeking. 

(Note too that (1)f  contains of one of the product terms in (*)). 

Try estimating the product 
2 2

2 2

(1 2) (1 2)
(1 2) 1 1

1 2
f

å õå õ
= - -æ öæ ö
ç ÷ç ÷

 using your technology. (If the value of 
4

p
 

above is correct then you should find that 
2

(1 2)f
p
= .) 

So what might ( )f x  represent? 

First we note that ( 1) (1) ( 2) (2) 0f f f f- = = - = = =, so ( )f x  has zeros at all the integers except 

0x= . What familiar function has this property? 

The first one that springs to mind is sin( )xp  which has roots at 0, 1, 2,x= ° ° . Conversely, since 

sin( )xp  has zeros at 0, 1, 2,x= ° °  it is reasonable to assume that 

sin( ) 1 1 1 1
1 1 2 2

x x x x
x Axp

å õå õå õå õ
= - + - +æ öæ öæ öæ ö

ç ÷ç ÷ç ÷ç ÷
 

where A is to be found. 

It is clear that the right hand side is zero at the same values of x  as sin( )xp . To determine A  we could 

substitute in a particular value of x . Setting 0x=  is not very helpful; however, 

sin( )
1 1 1 1

1 1 2 2

x x x x x
A

x

p å õå õå õå õ
= - + - +æ öæ öæ öæ ö
ç ÷ç ÷ç ÷ç ÷
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and hence 

0

sin( ) 0 0 0 0
lim 1 1 1 1

1 1 2 2x

x
A A

x

p

­

å õå õå õå õ
= - + - + =æ öæ öæ öæ ö
ç ÷ç ÷ç ÷ç ÷

 . 

The limit on the left hand side is readily found 

0 0 0

sin( ) sin( ) sin( )
lim lim lim 1
x x y

x x y

x x y

p p
p p p p

p­ ­ ­

å õ
= = = ³ =æ ö

ç ÷
 

from the well-known result 
0

sin( )
lim 1
y

y

y­
= , and thus A p= and so 

2 2

2 2

sin( )
( ) 1 1 1 1 1 1

1 2 1 1 2 2

x x x x x x x
f x

x

p

p

å õå õå õå õå õå õ
= - - = - + - + =æ öæ öæ öæ öæ öæ ö

ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷
 

giving 
sin( )

( )
x

f x
x

p

p
= . 

(Note from the diagram: 

with PQ the arc of a circle of radius 1 subtending an angle 2y  (radians) at 

the centre, O, and PQ the line segment from P  to Q , then clearly 

0

PQ
lim 1

PQy­
= ; however, PQ 2y=  and PQ 2sin( )y= , so 

0

2sin( )
lim 1

2y

y

y­
= , 

i.e. 
0

sin( )
lim 1
y

y

y­
= .) 

 

I am sure that the representation for 
2 2

2 2
sin( ) 1 1

1 2

x x
x xp p

å õå õ
= - -æ öæ ö

ç ÷ç ÷
 will not be familiar students; 

however, the fact that the right hand side has the same zeros as sin( )xp  should convince them. Indeed, in 

contrast to the usual Taylor/Maclaurin series expansion 

3 5( ) ( )
sin( )

3! 5!

x x
x x

p p
p p= - + - 

the product should appeal for this very reason. A graph of the partial products of 
2 2

2 2
1 1

1 2

x x
xp
å õå õ
- -æ öæ ö
ç ÷ç ÷

soon verifies the result. 

The relation with the previous products is now apparent. With 
1

2
x=  we obtain 
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2 2

2 2

sin
(1 2) (1 2) 22

1 1 (1 2)
11 2

2

f

p

p
p

å õ
æ öå õå õ ç ÷- - = = =æ öæ ö
å õç ÷ç ÷
æ ö
ç ÷

 

so from (*) 

2 2

1 1 1 2
1 1

3 5 2 4

p

p

å õå õ
- - = =æ öæ ö
ç ÷ç ÷

 

as indicated before. (Note that this is the well-ƪƴƻǿƴ ²ŀƭƭƛǎΩǎ ǇǊƻŘǳŎǘ ŦƻǊ ǎǳŎŎŜǎǎƛǾŜ ŀǇǇǊƻȄƛƳŀǘƛƻƴǎ ƻŦΥ 

1 1 1 1 2 4 3 7
4 1 1 1 1 4

3 3 5 5 3 3 5 5
p

å õå õå õå õ
= ³ - + - + = ³ ³ ³ ³æ öæ öæ öæ ö

ç ÷ç ÷ç ÷ç ÷
. Use this result to find successive 

approximations of p.) 

We can also independently obtain our first result since 

2 21

sin( ) 1 1
lim 2 1 1

1 2 3x

x

x

p
p

­

å õå õ
= - -æ öæ ö

- ç ÷ç ÷
 

( )
2 2 1 0 0

0 0

sin (1 )1 1 1 sin( ) 1 1 sin( )
1 1 lim lim lim

2 3 2 1 2 2

1 sin( ) 1 sin( ) 1 1
lim lim 1

2 2 2 2

x z y

z y

zx z

x z z

z y

z y

pp p

p p p

p

p

­ ­ ­

­ ­

-å õå õ
- - = = =æ öæ ö

-ç ÷ç ÷

= = = ³ =

 . 

There is one further approximation for p obtained by setting 
1

4
x= , i.e.  

2 2

2 2

sin
(1 4) (1 4) 44

1 1
11 2 2

4

p

pp

å õ
æ öå õå õ ç ÷- - = =æ öæ ö

ç ÷ç ÷
 

so 

4 1 1 1 1 1 1 3 5 7 9 11 13
1 1 1 1 1 1

4 4 8 8 12 12 4 4 8 8 12 122p

å õå õå õå õå õå õ
= - + - + - + = ³ ³ ³ ³ ³æ öæ öæ öæ öæ öæ ö
ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷

 

and hence 

4 4 4 8 9 12 12

3 5 7 9 11 132
p= = ³ ³ ³ ³ ³ . 

Now have a look at 

2 2 2

2 2 2

2 2 2
1 1 1

3 5 7

å õå õå õ
- - -æ öæ öæ ö
ç ÷ç ÷ç ÷
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using technology and also prove that whose value is 
1

3
. The corresponding function to be considered here 

is 

2 2 2

2 2 2
( ) 1 1 1

1 3 5

x x x
g x

å õå õå õ
= - - -æ öæ öæ ö
ç ÷ç ÷ç ÷

 . 

A similar analysis to that above shows that ( ) cos
2

x
g x

på õ
= æ ö

ç ÷
, i.e. 

2 2 2

2 2 2
( ) cos 1 1 1

2 1 3 5

x x x x
g x

p å õå õå õå õ
= = - - -æ öæ öæ öæ ö

ç ÷ç ÷ç ÷ç ÷
 

by noticing that ( )g x  has zeros at 1,3,5,x= . 

Determine 
1

( )
lim

1x

g x

x­ -
. What does it tell you? (

2 2 2

2 2 2

2 2 2 1
1 1 1

3 5 7 3

å õå õå õ
- - - =æ öæ öæ ö
ç ÷ç ÷ç ÷

). 

Show that 

2 2

2 2

3 3 3
1 1

5 7 32

på õå õ
- - =æ öæ ö
ç ÷ç ÷

 

2 2

2 2

4 4 3
1 1

5 7 35

å õå õ
- - =æ öæ ö
ç ÷ç ÷

 

2 2 2

1 1 1 3 3
1 1 1

3 6 9 2p

å õå õå õ
- - - =æ öæ öæ ö
ç ÷ç ÷ç ÷
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Fraction fireworks 

Noticing that 
81

0 1 (90 81)
90
= Ö ³ -, what other values satisfy a similar relationship 0 1 ( )

m
n m

n
= Ö ³ - for 

n m> ? 

Other ones are 
5

0 1 (10 5)
10
= Ö ³ -, 

9
0 1 (15 9)

15
= Ö ³ -, and 

32
0 1 (40 32)

40
= Ö ³ - (these 4 are the only 

solutions). 

What about solutions of 0 01 ( )
m

n m
n
= Ö ³ - for n m> ? This time there are 7 solutions. 

What about solutions of 0 1 ( )
m

m n
n
= Ö ³ - for m n> ? This time there are 9 unique solutions, 8 of which 

ƻŎŎǳǊ ƛƴ ΨǇŀƛǊǎΩΣ ŜΦƎΦ 
49

0 1 (49 35)
35
= Ö ³ - and 

49
0 1 (49 14)

14
= Ö ³ -. (The odd one out is 

40
0 1 (40 20)

20
= Ö ³ -Σ ǿƘƛŎƘ ƛǎ ƛǘǎ ΨƻǿƴΩ ǇŀƛǊΦύ 

One interesting example is 
2121 11

11 0 1 110 0 1 (121 11)
11 11
= = = Ö ³ = Ö ³ -. 

Moving to the case 0 01 ( )
m

m n
n
= Ö ³ - for m n> , one similarly interesting solution is 

210201 101
101 0 01 1010 0 01 (10201 101)

101 101
= = = Ö ³ = Ö ³ - ǿƘƛŎƘ ƛǎ ǘƘŜ ŜȄŀƳǇƭŜ ŀōƻǾŜ ǿƛǘƘ ŀ Ψ0Ω 

inserted between every non-ȊŜǊƻ ŘƛƎƛǘ ŀƴŘ ōŜǘǿŜŜƴ ǘƘŜ Ψ1Ω ŀƴŘ ǘƘŜ ŘŜŎƛƳŀƭ ǇƻƛƴǘΦ 

Further generalisations? 
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A generalised algebraic identity bites Pythagoras 

The identity 

2 2 2 2 2 2 2( ) (2 ) ( )a b ab a b- + = +  

can be used to generate Pythagorean triples that are integer solutions of 

2 2 2x y z+ =  , 

e.g. with 2, 1a b= = we have 2 2 23 4 5+ = . 

What about solutions of the three-dimensional version: 

2 2 2 2x y z d+ + = ? 

IŜǊŜ ǿŜ ΨǎǇƻǘΩ όΗύΥ 

( ) ( ) ( ) ( )
22 2 2 2 2[ ] [ ]a a b b a b ab a b ab+ + + + = + + , 

e.g. with 2, 1a b= = we have 2 2 2 22 3 6 7+ + =, and more generally with 1b=  and a n= , for some 

integer n : 

( ) ( )
222 2 2( 1) [ 1] 1n n n n n n+ + + + = + + 

e.g. with 3n=  we have 2 2 2 23 4 12 13+ + = , which will be familiar as it combines 2 2 23 4 5+ = and 
2 2 25 12 13+ = . 

For another example take 3, 2a b= = giving 2 2 2 26 10 15 19+ + = . 

What about a four-dimensional version? 

¢Ƙƛǎ ǘƛƳŜ ǿŜ ΨǎǇƻǘΩ όŀƎŀƛƴΗύ ǘƘŀǘΥ 

( ) ( ) ( ) ( ) ( )
22 2 2 2 2 2 2[ ] [ ] [ ]a a b c b a b c c a b c ab bc ca a b c ab bc ca+ + + + + + + + + + + = + + + + + , 

e.g. with 3, 2, 1a b c= = = we have 2 2 2 2 26 11 12 18 25+ + + =, and with 3, 2, 1a b c= =- = we have 
2 2 2 2 22 4 5 6 9+ + + =. 

The n-dimensional version is easy now! 
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Generalising Alexander's angles 

In the right-angled triangles shown the ratio of two sides to two of the angles is the same value: 

 

 

 

 

 

 

i.e. 
45 1

45 1
=  and 

60 2

30 1
= . 

Are there any other right-angled triangles for which this happens? 

What about more general triangles? 

 

In the 49 61 70- -  triangle shown we have 
BC sin CAB

AB sin BCA

Ï
=

Ï
, and with these angles we therefore 

have 
BC sin 70

1 2451
AB sin 49
= º Ö . However 

61
1 2449

49
º Ö , so that to within approximately -42 10³ , we have 

sin 70 61

sin 49 49
= , i.e. 

BC CAB

AB BCA

Ï
=
Ï

  . 

If we make very small adjustments to the 49 and 61  angles this expression becomes exact. 

For some other examples consider the 30 50 100- - , 10 34 136- -  and 50 58 72- -  triangles. 

A 

B 

C

\

\

\

\

\

\

\  

70o 

61
o
 

49
o
 

300 

600 

900 

900 

450 

450 

1 

1 

2 

1 



 

Page 32 of 110 

Version 1.5 dated July 3 2018 

Handling data projectors 

CŀŎŜŘ ǿƛǘƘ ǘǿƻ ǘŀōƭŜǎ ƻŦ Řŀǘŀ ǊŜƭŀǘƛƴƎ ǘƻ ǇƻǎǎƛōƭŜ ǎŎǊŜŜƴ ǎƛȊŜǎ ŦƻǊ ŀ ǊŀƴƎŜ ƻŦ ΨǇǊƻƧŜŎǘƻǊ-ǎŎǊŜŜƴΩ ŘƛǎǘŀƴŎŜǎ ŦƻǊ 

two different models of data projector, as shown: 

 

how do you set about the task of deciding which of these will give the range of screen sizes for your 

ǊŜǉǳƛǊŜƳŜƴǘǎ ǿƘŜƴ ǘƘŜ ΨǇǊƻƧŜŎǘƻǊ-ǎŎǊŜŜƴΩ ŘƛǎǘŀƴŎŜ ȅƻǳ ƘŀǾŜ ƛǎ ŦƛȄŜŘΣ ŜΦƎΦ ƛŦ ȅƻǳ ƘŀǾŜ ǘǿƻ ƭƻŎŀǘƛƻƴǎ ǘƘƛǎ ƛǎ ǘƻ 

be used in where the distances are 2 25 mÖ  and 4 m, and possibly with upper and lower constraints? 

A couple of simple graphs come to the rescue: 
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Intersecting chords 

Students who have been exposed to some Euclidean geometry can be shown the following diagram  

 

and asked to deduce 
2

2

AB.BC BP (CD) CP.DP
= =

CD.AD DP (AB) AP.BP
. 

Along the way they will need to use similar triangles to deduce, for example, 
AP BP AB

= =
DP CP CD

 leading to 

ǘƘŜ ΨƛƴǘŜǊǎŜŎǘƛƴƎ ŎƘƻǊŘǎ ǘƘŜƻǊŜƳΩ AP.CP=BP.DP, which is very useful in physics when determining the 
ǿŀǾŜƭŜƴƎǘƘ ƻŦ ƭƛƎƘǘ ǳǎƛƴƎ bŜǿǘƻƴΩǎ ǊƛƴƎǎ όǎŜŜ http://www.schoolphysics.co.uk/age16-
19/Wave%20properties/Interference/text/Newton's_rings/index.html, for example.) 

http://www.schoolphysics.co.uk/age16-19/Wave%20properties/Interference/text/Newton's_rings/index.html
http://www.schoolphysics.co.uk/age16-19/Wave%20properties/Interference/text/Newton's_rings/index.html
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Inverse tan land 

The result 

1 1 1tan 1 tan 2 tan 3p- - -+ + = 

is well-known, but what other integers 1 a b c¢ < < is 

1 1 1tan tan tana b c p- - -+ + = ? 

(There are none ς prove it.) 

What about integer values of , , ,a b c dwhere 1 a b c d¢ < < <for which 

1 1 1 1tan tan tan tana b c d kp- - - -+ + + = 

for some positive integer k ? 

(There are none ς prove it.) 

What about: 

1 1 1 1 1tan tan tan tan tana b c d e kp- - - - -+ + + + = .     

There are solutions, and all solutions where values are less than or equal to 30 are shown in the table: 

a  b  c  d  e 

1 2 4 23 30 

1 2 5 13 21 

1 2 7 8 18 

1 3 4 7 13 

1 3 5 7 8 

and the value of k  is 2 , so for the last solution in the table we have 

1 1 1 1 1tan 1 tan 3 tan 5 tan 7 tan 8 2p- - - - -+ + + + = . 

We also see from the table that some solutions have values in common, so for example from the first two 

rows we have that 

1 1 1 1 1 1tan 4 tan 23 tan 30 tan 5 tan 13 tan 21- - - - - -+ + = + +  

Notice that all the solutions in the table start with 1. The first question that arises is whether there are 

solutions without 1 as a member? For example, is there one starting with 2? Is the last one as given in the 

ǘŀōƭŜ ǘƘŜ ΨǎƳŀƭƭŜǎǘΩ ƻƴŜ ƛƴ ǘƘŜ ǎŜƴǎŜ ǘƘŀǘ ǘƘŜ ǎǳƳ ƻŦ ǘƘŜ ǾŀƭǳŜǎ ƛǎ ƭŜŀǎǘΚ !ǊŜ ǘƘŜǊŜ ƛƴŦƛƴƛǘŜƭȅ Ƴŀƴȅ ǎƻƭǳǘƛƻƴǎ 

and, if ƴƻǘΣ ǿƘŀǘ ƛǎ ǘƘŜ ΨƭŀǊƎŜǎǘΩ ƻƴŜΣ ŀƴŘ ǿƘƛŎƘ ƻƴŜ Ƙŀǎ ǘƘŜ ƭŀǊƎŜǎǘ ŦƛǊǎǘ ƳŜƳōŜǊΚ !ǊŜ ǘƘŜǊŜ ǎƻƭǳǘƛƻƴǎ ǿƘŜǊŜ 

the values are consecutive, or just even, or just odd, or members of well-known sequences, such as 

squares, Fibonacci numbers, and so on? 

What about 

1 1 1 1 1 1tan tan tan tan tan tana b c d e f kp- - - - - -+ + + + + = 

(No solutions ς prove it.) 
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This begs the questions as to whether any of the even numbered angle cases has a solution, and also 

whether all odd numbered angle cases always have at least one solution. 

What about 

1 1 1 1 1 1 1tan tan tan tan tan tan tana b c d e f g kp- - - - - - -+ + + + + + = ? 

There are solutions, and those for which the values are less than or equal to 30 are shown in the table: 

a  b  c  d  e f  g  

1 2 7 18 21 23 30 

1 2 12 13 17 18 21 

1 3 5 7 21 23 30 

1 3 5 12 13 17 21 

1 3 7 8 12 17 18 

1 4 5 7 8 23 30 

1 4 5 8 12 13 17 

2 3 4 5 7 8 13 

and the value of k  is 3. We now also see that there is a solution (the last one in the table) where 1 is not a 

member, for which we have 

1 1 1 1 1 1 1tan 2 tan 3 tan 4 tan 5 tan 7 tan 8 tan 13 3p- - - - - - -+ + + + + + = . 

As an aside we also see from the solutions in rows 1 and 3 that the following must be true: 

1 1 1 1tan 2 tan 18 tan 3 tan 5- - - -+ = +  

and from rows 6 and 7 that: 

1 1 1 1 1 1tan 7 tan 23 tan 30 tan 12 tan 13 tan 17- - - - - -+ + = + +  . 

What about the eight angle case? 

For the nine angle case here are two of the solutions: 

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

tan 1 tan 5 tan 7 tan 8 tan 12 tan 13 tan 17 tan 18 tan 21 4

tan 2 tan 3 tan 4 tan 7 tan 8 tan 12 tan 13 tan 17 tan 18 4

p

p

- - - - - - - - -

- - - - - - - - -

+ + + + + + + + =

+ + + + + + + + =
 

from which we also see that 

1 1 1 1 1 1tan 2 tan 3 tan 4 tan 1 tan 5 tan 21- - - - - -+ + = + +  . 

Solutions of even numbered cases could be formed if there are two solutions of the corresponding case 

with half as many angles which have no values in common. For example, if we can find two such solutions 

of the five angle case we can add these to form a solution of the ten angle case where the sum will be 4p. 

Unfortunately none of those in the first table have this property. Similar remarks apply to the second table 

above in respect of the seven angle case and fourteen angle case, unfortunately. 

This latter remark provokes one final question : are there instances of two solutions in any case which have 

no values in common? 
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Logarithmic series 

From 

2 31 1
2 3

ln(1 ) , 1 1x x x x x+ = - + - - < ¢ 

we find (with 1x= 1
2

x=-): 

1 1
2 3

1 ln 2- + - = and 2 3

1 1 1 1 1
2 2 32 2

1 ln 2Ö + Ö + Ö = , 

and since 

2 3

1 1 1
2 2 2

1+ + + = 

we find 

( )( )2 3 2 3

1 1 1 1 1 1 1 1 1 1
2 3 2 2 2 32 2 2 2

1 1- + - + + + = Ö + Ö + Ö . 

Are there other series for which this holds, i.e. 

1 2 3 1 2 3 1 1 2 2 3 3( )( )a a a b b b a b a b a b- + - + + + = + + + ? 

Other interesting series one can find just from the above expansion are 

( )1 3 5

1 1 1 1 1 1
1 3 53 3 3

2 ln 2Ö + Ö + Ö + = 

( )1 3 5

1 1 1 1 1 1
1 3 52 2 2

2 ln3Ö + Ö + Ö + = . 

Also we have 

( ) ( ) ( )2 2 3 3

1 1 1 1 1 1 1 1
2 3 2 32 3 2 3

1 ln3Ö + + Ö + + Ö + + =  , 

and more generally 

( ) ( ) ( )2 2 2 3 3 3

1 1 1 1 1 1 1 1 1 1 1
2 3 2 32 3 2 3

1 ln , 2
n n n

n nÖ + + + + Ö + + + + Ö + + + + = ² . 

With 4n=  we therefore have 

( ) ( ) ( ) ( )( )( )( )2 2 2 3 3 3 2 3

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 3 4 2 3 2 2 32 3 4 2 3 4 2 2

1 2 1Ö + + + Ö + + + Ö + + + = Ö + Ö + Ö + 

and generally (with 2 , 1,2,Nn N= = ): 

( ) ( ) ( )

( )( )( )( )

2 2 2 2 3 3 3 3

2 3

1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 3 4 2 32 2 3 4 2 2 3 4 2

1 1 1 1 1
2 2 32 2

1

1 , 1,2,

N N N

N N

Ö + + + + + Ö + + + + + Ö + + + + +

= Ö + Ö + Ö + =
 . 
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Mathematician versus machine 

Given the function 

2
( )

1

x
f x

x
=
+

 

how would you evaluate ( ) (0)nf  and ( ) (1)nf , the thn  derivative of ( )f x  evaluated at 0x=  and 1x= , 

respectively, for any natural number n? 

There is a great temptation to use a computer algebra system (CAS), for example in Matlab® the 

commands: 

>>syms x 

>>vpa(subs(diff(x/(1+x*x),3),x,1)) 

will evaluate (3)(1)f , but what about larger values of n , say 10,100, ? What about 610n= ? Try it! If it 

manages to do this, what patterns do you spot for ( ) (0)nf  and ( ) (1)nf ? What does your CAS give for a 

general n , if anything? 

Mathematics to ǘƘŜ ǊŜǎŎǳŜΧ 

ΧǊŜŀǊǊŀƴƎŜ ǘƘŜ ŜȄǇǊŜǎǎƛƻƴ ǘƻ 2(1 ) ( )x f x x+ = and differentiate 2n²  times, from which you can show 

that 

2 ( ) ( 1) ( 2)(1 ) ( ) 2 ( ) ( 1) ( ) 0 , 2n n nx f x nxf x n n f x n- -+ + + - = ² . 

¢ƻƎŜǘƘŜǊ ǿƛǘƘ ΨǎǘŀǊǘƛƴƎ ǾŀƭǳŜǎΩΥ (0) (1) (0) (1)1
2

(0) 0, (0) 1, (1) , (1) 0f f f f= = = =, this expression can then 

be used to generate the following: 

(2 ) (2 1)(0) 0, (0) ( 1) (2 1)!, 0,1,k k kf f k k+= = - + =  

(4 1) (4 2) 1

2 2

(4 3) (4 )

2 2 2 1

(4 2)!
(1) 0, (1) ( 1)

2

(4 3)! (4 )!
(1) ( 1) , (1) ( 1) , 0,1,

2 2

k k k

k

k k k k

k k

k
f f

k k
f f k

+ + +

+

+

+ +

+
= = -

+
= - = - =

 . 

which can also be proved using mathematical induction. 

How is your CAS getting on with its calculation? 
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Mathematics for the bath 

How long does it take for the last half of a bath to empty compared with the first half? 

 

i.e with (0)y h= , 1
2

1
2

( )
h

y t h=  and ( ) 0hy t = , what is 
1
2

1
2

h h

h

t t

t

-
? 

¢ƻǊƛŎŜƭƭƛΩǎ ǘƘŜƻǊŜƳ όŎƻƴǎŜǊǾŀǘƛƻƴ ƻŦ ŜƴŜǊƎȅ ŦƻǊ ŀ ŘǊƻǇ ƻŦ ǿater falling freely under gravity from rest at the 
surface of the bath water determines the speed of that drop of water as it leaves the bath through the 

plughole) predicts this ratio as 1 2+ , i.e. it takes around 2 4Ö times as long for the last half to empty 
compared with the first half. Thus the last half takes about 70% of the total time for the bath to empty. Is 
this borne out in practice? 
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Maths woodwork it out 

Given the rectangular piece of wood shown: 

 

I wish to cut out four identical trapezia as follows: 

          

to construct the truncated pyramid shown, open at the top and bottom, in such a way that the dimensions 

of the upper opening, a square of side w , are fixed, and the area of the lower opening (a square of side x , 

to be determined) is the maximum possible. 

How do I achieve this? 
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Maximum length and area of flight 

If a ball is thrown with the same speed U  at varying angles q the trajectory is that of a parabola, as shown 

 

which is of the form 

2
2

2

sec
tan

2

g
y x x

U

q
q= -  

using the horizontal and vertical displacement expressions 

21
2

( ) cos , ( ) sinx t Ut y t Ut gtq q= = -  

where g  is the constant acceleration due to gravity and t  denotes the time after release. 

¢ƘŜ ΨƘƻǊƛȊƻƴǘŀƭ ǊŀƴƎŜΩ Ŏŀƴ ōŜ ǎƘƻǿƴ ǘƻ ōŜ 
2

sin 2
U

R
g

q= , which is when the ball is level with the point it 

was thrown from, occurring when 
2

sin
U

t
g

q= , and the horizontal range attains its maximum value (over 

all q) of 
2

max

U
R

g
=  for 45q= . 

The ball reaches its highest point at 1
2

x R=  and 
2

2sin
2

U
y h

g
q= =  when sin

U
t

g
q= , and h  attains its 

maximum value (over all q) of 
2

2

U

g
 for 90q= , i.e. vertical projection. 

¢ƘŜ ΨǘƛƳŜ ƻŦ ŦƭƛƎƘǘΩ ƛǎ Ƙƻǿ ƭƻƴƎ ǘƘŜ ōŀƭƭ ǘŀƪŜǎ ǘƻ ŀǘǘŀƛƴ ƛǘǎ ƘƻǊƛȊƻƴǘŀƭ ǊŀƴƎŜΣ ƛΦŜΦ 
2

sin
U

t
g

q= , and this also 

attains its maximum value (over all q) (of value 
2U

t
g

= ) for 90q= , i.e. the ball that is thrown vertically 

is in the air for the longest time. 

Here are two slightly more challenging problems. 

1. The length of the arc of a trajectory (from the point of projection to attaining the horizontal range) is 

given by 
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1
2 22

sin2

0
( ) 1

U

g
dy

s dx
dx

q

q
å õå õ

= +æ öæ öæ öç ÷ç ÷
ñ  

where the equation for the trajectory ( )y x  is given above. 

We find that 

( )
2

2 1( ) sin cos sinh (tan )
U

s
g

q q q q-= +  

a graph of which is shown: 

 

indicating that there is an angle of projection for which the distance travelled by the ball attains a 

maximum value (over all q). Show that this maximum value is approximately 
26

5

U

g
 attained for 56qº  

and the time of flight is approximately 
5

3

U

g
. 

[A standard problem in projectiles is to determine the angles of projection for which the ball passes 

through a given point. If this point has coordinates ( , )X Y  then 
2

2

2

(1 tan )
tan

2

g
Y X X

U

q
q

+
= - , from 

which there are either two, one or zero possible angles of projection, depending on whether ( , )X Y  is 

ōŜƴŜŀǘƘΣ ƻƴΣ ƻǊ ŀōƻǾŜ ǘƘŜ άǇŀǊŀōƻƭŀ ƻŦ ǎŀŦŜǘȅέ 
2 22

2

U U
x y

g g

å õ
= -æ ö

ç ÷
. We see from the graph above that 

there are also either two, one, or zero angles of projection for which the ball travels a given distance s .] 

2. The area swept out by the arc of a trajectory (from the point of projection to attaining the horizontal 

range) is given by 

2

sin2

0
( )

U

gA y dx
q

q=ñ  

where the equation for the trajectory ( )y x  is again given above. 

We find that 

4
3

2

2
( ) sin cos

3

U
A

g
q q q=  
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which attains a maximum value (over all q) of 
4

2

3

8

U

g
 for 60q= . The time of flight in this case is 

3U

g
. 

(Note that this is exactly 3 times the area swept out by a ball thrown at an angle of 30q= , and the time 

of flight is 3  times s times as long.) 

What are the corresponding results when there is an air resistance proportional to (speed)n  for 0n> , 

e.g. a linear ( 1n= ) and a quadratic ( 2n= ) law of resistance? 

Consider now the more general problem of projection up an inclined plane as shown. 

 

²Ƙŀǘ ƛǎ ǘƘŜ ŎƻǊǊŜǎǇƻƴŘƛƴƎ ŜȄǇǊŜǎǎƛƻƴ ŦƻǊ ǘƘŜ ΨƭŜƴƎǘƘ ƻŦ ŦƭƛƎƘǘΩ ŀƴŘ ΨŀǊŜŀ ǎǿŜǇǘ ƻǳǘΩ ƛƴ ǘŜǊƳǎ ƻŦ , , ,U ga b , 

and what are the maximum values of these over all a? (Hint the maximum area swept out occurs when 

( )1 2tan 2 tan 3 tanb b- + + ). 

Further, the figure below 

 

shows the distance travelled as a function of angle of projection for different angles of slope. 

We see that for some angles of slope there are either three, two one or zero angles of projection for which 

the distance travelled, , is a given value. 

We also see that there are some angles of slope for which the maximum distance travelled is greater than 

, one angle of slope for which the maximum distance travelled is  and which is achieved for two 


